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1. Introduction
Why do we need a numerical hydrodynamics”?

The compressibility is essential for astrophysics fluid.



1. Introduction

Why do we need a numerical hydrodynamics?

Finite Difference

e.g., the 2nd order accurate finite difference of the 1st derivative,

_ Jit1 — fia
Ouf = 2Ax

't is based on the Taylor expansion, i.e., the function f is differentiable.
= Shock waves are the discontinuity of the physical variables.

The Taylor expansion is not applicable. = We need a numerical technigque
to handle the shock.



2. Finite Difference vs Finite Volume

One-dimensional advection equation with a constant speed
Oru 4+ adzu = 0,
a = const. > 0

The exact solution is u = f(at — x)

An initial profile advects in the positive x-direction with the speed a.

1 Initial profile = t > 0 profile




2. Finite Difference vs Finite Volume

| et’s solver the equation numerically. We apply the 1st order in time-2n¢
order in space for the finite difference.
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Von Neumann analysis reveals that the scheme is unstable for an arbitrary

value of the Courant-Friedrich-Lewy number At
UV = a—

Ax



2. Finite Difference vs Finite Volume

| et's define a volume average by -1/2 0 i+l/2
@ @ @
1 [T ;
U; = A /:; 1 M(ZE) X |
i — 5 » X

Then, we integrate the equation with Gauss's theorem:

,]F'_|_l_f'_l
Opii; + —2——2 =0,

Ax

fixr = (au); 1

The finite volume method relies on how to evaluate a numerical flux f@i%



3. 1st-order up-wind scheme

Pt

1
fiey = 5 (v + £i) — lal (w1 — w)

where we generalize to a < 0 case. For example, for a > 0

firs = (au)i, fi_y = (aw)i—y
Therefore, the finite volume equation implies
(au); — (au

)j—1
= (
Ax

Ol
U




3. 1st-order up-wind scheme

~ 1
fiey = 5 (v + £i) — lal (w1 — w)

Fora < (

L L

firr = (a)it1, fi1 = (at);
Therefore, the finite volume equation implies

au);.11 — (au);

The 1st-order up-wind scheme takes into
account from which direction the flow
comes in.

— .Y = Physically correct.



3. 1st-order up -wind scheme
Example .= - -

't correctly captures tfhe advection without unphysical oscillations. But, the
initial discontinuity is smeared out.
For example, fora > 0

~ A.ZL‘Q
fi—% — (aﬁ)i—l — (@ﬁ)i — A-Tamflm:mi | o

Dyit; + O flos, + O(Az) =0

Opz flo=a, + O(A:L‘?’)

So, the task is to find a higher-order accurate scheme.



4. High Resolution Shock Capturing scheme

Vionotonicity preserving

f a function of u is monotonic in x for a given time t", it is also monotonic n
x for the next time step t"*1.

Any hydrodynamics schemes should guarantee the monotonicity preserving
oroperty. Otherwise, unphysical oscillations will appear.

Godunov's theorem
Any schemes higher than the 2nd order which has a following form,

cannot preserve the monotonicity where by is constant and kg, is non-
negative integer.



4. High Resolution Shock Capturing scheme
Proof

kr
n+1 n+41 n+1 n
Au;, " =,y —uy = E brAu;

The monotonicity preserving means if Au™ > 0, Au™1>0 should be
satistied for any value of .

Let’s consider the case in which b,y < O for a particular value of k,. Then, if
A un =0 is satisfied except for i = ky, for i=-ky+ky,
kr

n—+1 L § : n _ n
Au—kg+k1 — bk;Au_kD+k1+k — kaA’U;kl
k=—kr,

Aurtt, ... has a sigh opposite to Au",,.
= Violating the monotonicity preserving= b,=0 for all the value of k



4. High Resolution Shock Capturing scheme
Proof (cont.)

Truncation error for the scheme of the form

ﬂ—l—l E bk‘uerka

k=—kr

n—l—l Z bkqu _ Z lutl Z by Z kA.CU l

[=0
:Z% ZbkkAm

The truncation error disappears if

s; = Zk‘lbk = (—;-v)‘E
k




4. High Resolution Shock Capturing scheme
Proof (cont.)

Therefore, the p-th order accurate in space and time it and only if the
following conditions are satisfied

sg= D Kbk = (—v)’
k
where 0 < g<pand v=aAt/Ax. Let's consider the 2" order accurate

scheme; )
so=1, s1 = —v, s9 =v

However,

SQ_Zk%k Z (k + v) Qbk—Qkabk—y Zbk

:Z k’—I—VQbk—QVSl—I/ 80:Z(k—l—l»’) bk-l-b’ > v?
k k



4. High Resolution Shock Capturing scheme
Proof (cont.)

The equality of the last expression holds only for useless case;
b,=0 for all the values of k or v is an integer.

= Godunov's theorem shows that there are no monotonicity-preserving
inear scheme of the form

n+1 E : mﬂ%+ka

k=—kr,
that are second or higher-order accurate.
L ax-Wendroff scheme (2nd-order in time and space)

1 2

wlpy = uff = 5 (uly —ufy) o (wh — 2u) )




4. High Resolution Shock Capturing scheme

Example.

—0.1 0.0 0.1

Therefore, to construct a higher-order scheme, we need a non-linear
scheme. Let's consider the 1st-order up-wind scheme and the 2"-order
Lax-Wendroff scheme:

. 1 —
fipr =al+ 7 (uf,y —ul') (Lax-Wendroff)



4. High Resolution Shock Capturing scheme
Similarly,

o~

fiu

X 1
Fius :ﬁ?ﬂ—%( al', — ") (Lax-Wendroff)

for v <0
Introducing a flux limiter function By, ,, such that the Lax-Wendroff scheme

s reduced to be the up-wind scheme at the discontinuity.

Uity (up-wind)

t\:.!||—L

~ _ 1l —v _ _

i+l =g + > B%-Jr%(uﬁl—u?) for v > 0
> _ 1+ v _ _

i+l :u?Jrl_TBH% (u?Jrl—u?) for v <0

Bi,1/, is a function of u",, with k=0,£1,£2, ...
= The scheme is nonlinear in u" (Circumventing Godunov's theorem).



4. High Resolution Shock Capturing scheme

_ — T 71 1—1/ U U
Then, @' —ap = —v[af — y + 2= U8,y (@, — )
1l —v
RENCErS .
) ) ) 14w n -
u?Jrl_u? = _y[uﬁrl—u?— 2 Bz‘+% (’U’?Jrl —u?’)

%_L+f&_%@?—uiﬂ]ﬂwvﬁ0

2

—n—+1 —n

. i+l o 1 — 1 —

Finally, & i :y{l—l— VBH;— VBZ-_;] for v > 0
uy  —uy 27; 2 2 2
—n-+1 —n
ST — 1 1
Qiz ?3 Z—L{l— _I_VB%-+;+£T@-B%-_;] for v <0
Uiy — Uy 2 2 2 -
where
Az—l —n




4. High Resolution Shock Capturing scheme

A sufficient condition to suppress numerical oscillation is

~n+1 —n
w; ' o—u

0<_3n _;<1f01"V20
Uy 1 — Uy
—n-+1 —n
w; T —u

0 < — = < 1 for v <0
Uiy — Yy




4. High Resolution Shock Capturing scheme

This condition yields

2 B 2
>B. 1 ——2> _Zfory>0
1 —v R r; v
2 2
> B, 1—B,_1r; > —forv <0
14+ v 2 2 v

Further simplitication is possible it we only consider a sufficient condition
with 0 <| v | < 1.

B?:—I—l
2251—%— 2 > 2forv >0
)
2>DB, 1 —B;,_1r; > —2forv <0
2 2

This condition is automatically satisfied if A

0< B ,1<2 0<B, 1 < 2
P12 b Ai—sign(w)




4. High Resolution Shock Capturing scheme

A;
0§Bz+%§2}O§B®-+%A . ()SQ
1—sign(v
Bi—l—1/2 BI-|—1/2 2|f|
—/ ‘v _“B|+1/2_2

)A /\N/\/\

The hatched region is "t/he sufficient condition for the limiter function of the

monotonicity-preserving scheme
Forr, <0, B.,;,=0 (up-wind scheme)



4. High Resolution Shock Capturing scheme

One example of the flux limiter,

B..1,(r)=minmod(1,br)= 1 when |br,/>1 and br, =0,
br. when |br.]<1 and br, =0,
0 when br. <0

Bi10=2r,

+1/2
A




4. High Resolution Shock Capturing scheme

Total Variation Diminishing (T\/D)

Z |u1+1

1=—00

TVD condition is
TV (u") > TV (u" )

Once a TVD scheme is employed, the monotonicity-preserving property is
guaranteed.



4. High Resolution Shock Capturing scheme

Theorem
Suppose that a class of non-linear scheme is written as

ut = — Cf_%(u?)Ai_l - Df+%(u?)Ai,

[}

- T T
where A; = u; | — u;

Sufficient condition for scheme to be TVD is as follows:

Proof

n+1 n+1 n n n n
Uiy — U = (uiJrl — U ) (1 - CH% - Dz‘+%)

+ CT”_; (u?’ — u?’_l) + ijr% (U?Jrz - U?ﬂ)

n+1 n—+1 n n n n
= |uily —ul | < Uiy — Uy ’ (1 - CH% - DH%)



4. High Resolution Shock Capturing scheme

Proof (cont)

u ) Zlu?ff— i
<Z’u%+1 u (1—0” Dg%)
n
ZCHl ’uiﬂ ’_I_ZDHl ’uzﬂ ’

= TV( ")
Therefore, it we invent a higher-order scheme in the form of
’U,?,Q’Jrl = ’u,? — C?_l (u?)Ai—l —+ D?—l—l (U?)Ag,

[

_ n mn
where A; = u;’ | —u;.

2

The scheme is TVD if €Ly >0, DYy >0, 0<CfL s + D2y <1



4. High Resolution Shock Capturing scheme

One example of HRSC scheme = M(onotone) U(pstream-centered)
S(cheme) for C(onservation) L(aw)

Volume averaged quantity

1 $i+%

U; = —— d
Ui = 5 . u(z)dx
)
Piecewise parabolic cell reconstruction
1 1 Ax?
u(z) = u; + o (x — x;) Opu|; + AL [(:13 — %)2 _ 1_21 Ozt



4. High Resolution Shock Capturing scheme

MUSCL scheme
Ur,uUpr
O O O O
-1/ i+1/7
1 1 _
(’U’L)H% = Uj T E(I)(Tj—ﬂAz‘—l + 5(1)(?“1- )A;
1 1 _
(“R)H% = U1 — g‘b(”f)Ai - E(I)(Ti—}-l)Ai—l—l
FVAVER]

Ai = Uip1 — U, 75 = —
1. The first term is reduced to be the Ep—vvind scheme for the non-smooth flow
2. The second and third terms are higher-order representation of the gradient

3. @ is the flux-limiter, one choice is the minmod function



4. High Resolution Shock Capturing scheme
MUSCL scheme

At i
uptt = ay _M(‘f l_fi—%):

Fovy = 53 W)y + 0y = 2 ((un)y — (03]

fora >0, fir1= a(urL); 1
it the flow is not smooth, the 1st-order upwind scheme is recovered

fi+1 — au;

Fora < (, fz—l—l = @(UR)Hl
if the flow is not smooth, the “Ist-order upwind scheme is recovered

f@—k% — AQlUs41




4. High Resolution Shock Capturing scheme

Minmod function and compression parameter
1 1

(ur);yr = ui+ gtll(rj_l)Ai_l +32(r)A;
| R |
(“R)H% — Ui41 — g‘I’(?} )A; — g‘b(?ﬂHl)AHl
®(r) = minmod(1, br)
()
(1/b,1)

® =1 is desired for a wide range of r.
b should be large as much as possible.

I r




4. High Resolution Shock Capturing scheme

Compression parameter is determined by the TVD condition

= a?
At I 1 1 _ 1 1 _
— Eafr _A¢-1 + gq)(rj—l)A?l—l + gq)(’f‘@ JA; — E‘I’(?’f_z)ﬂz‘—z — §‘I’( i1)Ai- 1]
At [ 1, ., 1 1 1
N _A?l - gcb("'"i )JA; — E‘I’(%H)AHI T 3‘1)( 1) A1+ gq)(?“z‘ )A%’]
where a* = L+ s;gn(a) a

1

A
®(rF)A; = minmod (1, b zil) A; = minmod (



4. High Resolution Shock Capturing scheme

Compression parameter is determined by the TVD condition
At

-n+1 __ -n —+ e
u; —u; — E (a, Ai—l a Ag)
o 1 A, 1 A 1
at =a" _1 + E(I)(T;L'l) + gminmod (Ai—l , b) - gminmod (Ai_j , b) - gtb(r;_l)]
[ 1 1 A; 1 Aj_ 1
a =a |1-— gtl)(r;r) — gminmod ( A:l : b) - gminmod ( Ail’b) + gfb(r;)]

'In Harten’s theorem

1
ul! ™ =l — O,
=73

(u)Ai1 + Dy 4 (u])As

1

_ mn T
where A; = u;’ | —u;.



4. High Resolution Shock Capturing scheme

Compression parameter is determined by the TVD condition

A
at>0,a"<0,0<a—a <-—
At
e AA,_L <0, 2022 o
A1 < U, Az’—l
the Tirst condition is the strongest and it gives
1<b<4
When A;AN;_1 <0, AA&I > b

the Z2nd condition is the strongest and it gives
1<b<A4



4. High Resolution Shock Capturing scheme

MUSCL-PPM

1.0 MM - IEx-ac-t
e MUSCL-PPM, 10 step
0.8 F A
0.6
04 F
02 i p
0.0 F . . L‘-o—o—o-lom-oo-o-ot-oﬂ-«
—0.2 —0.1 0.0 0.1 0.2
£

The discontinuity is correctly and sharply captured.

Ist-order up-wind

hQMM-.— I_ Exact
° i
e up-wind, 10 step
o
e
—0.2 —0.1 0.0 0.1 0.2
X



h. 1D Berger equation and characteristic curve

1D advection equation: f(u) = au

Characteristic speed = a = constant

Characteristic curve: dx/dt = a

1D inviscid Berger equation: f(u)=

Characteristic speed = 91/ d u=u
Characteristic curve: dx/dt = u

1D Berger eq.

1D adv. ;

/////
s ’ ’ Ve
/////
/////
/////
/////
s ’ ’ ’
/////
/////
/////
/////
s ’ ’ ’
/////
/////
/////
P ’ ’ ’
, ’ ’ ’
/////
/////

P ’ ’ ’
/////
/////
/////
’

u(0,x)=1 (x<0)
u(0,x)=0 (x>0)

Shock wave appears.



Short summary of the 15t course

1. Finite volume method and 1st-order up-wind scheme is essential for
Numerical Hydrodynamics. Caveat: Diffusive

2. Godunov's theorem says there is no monotonicity-preserving linear
scheme which is 2" order or higher accurate.

= Necessary to invent a monotonicity-preserving non-linear scheme
One example = Introducing flux limiter

3. MUSCL scheme is one example of the higher-order monotonicity
preserving scheme.

Now, we know how to handle the scalar equation which may contain a
discontinuity.
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0. Euler equation and characteristic speed

Euler equation

6{;(7 —I-ﬁmﬁz 0,
— p — u
U=| pu |, F=| pu?+P
e (e +p)u
A solution may contain a shock wave where we can't define differential.

Weak solution
Suppose that we have a support w(x,t) which has a finite value in a limited
region of the spacetime and infinitely differentiable, U is a solution if

/m dt/oo dz (atﬁJraxﬁ) w(a.t) = 0

s satisfied for an arbitrary w.




0. Euler equation and characteristic speed

By performing the partial integral,

—/ dt/ dm((j@tw—l—ﬁﬁmw):()
Let s consider i component for U and F and suppose U' has an initial
condition;

U'(z,0) = uy(z < 0), us(z > 0)

Suppose that a characteristic speed A (will discuss later on) is constant,
we get a solution

U'(x,t) = ui (x — Mt < 0; region A), us(z — At > 0; region B)

In each region, this solution satisfies the original solution, but it is not along
the characteristic curve.



0. Euler equation and characteristic speed

't we plug this solution in

—/ dt/ dx (ﬁ@tw + ﬁ@x’w) =0

and consider a closed region (see figure), we can integrate along the line.

—// (uOyw + fOy) dmdt:—ul// 8twda:dt—u2// Oywdxdt
A+B A B
—f(ul)f/adowdt—f(ug)f/ O wdzxdt
A B

From Stokes’s theorem, the 1stterm is

—ulff 8twd$dt:—u1f(—w)n1ds
A &

and the 2nd term is

s / /B Opwdzdt = —us /C (—w)(—n1)ds

t

r—Xt=20

no ~

/7
7/
P
7

i

region £

=

/
/
7

r/cg'on B




0. Euler equation and characteristic speed

Similarly, the 3@ and 4t terms are

—f(ul)//AaxwdxdtZ—f(ul)//wngds
—f(ug)//B(?xwdxdt:—I—f(ul)//wngds

Al = 17) [ [ wnaas =0,

where [u] = u; — ua, [f] = f(u;) — f(us) and we use n; = Ans
Therefore, to hold this equation for an arbitrary w,
AMu] = [f] =0
't we repeat the same procedure for the other components in U and F,
AU+ [F]=0

Then,



0. Euler equation and characteristic speed

Rankine-Hugoniot relation (jump condition)
—ANU|+ [F]=0

For the characteristic speed A, we consider the non-conservative form of

the Euler equation; 0" 0"
875 q2 ‘l‘Afax q2 :03

q3 q3
where

_ 8_F _ a(flanafB)
aQ a(QlJQQJQB)

The eigen value of A is the characteristic speed A of the simple wave

dx
— =M. (k=1.2.3
dt L;( ::)

M




0. Euler equation and characteristic speed

Let's parameterize the group of the characteristic curves with A | as

Gr(x,t) =&

Since ¢, is constant along the characteristics,

0 =dor = O0rdr + A\ 0pdp, =0
For a simple wave Q, with A,

0:Qr + A0, Qr = 0 = dQj = 0 along the characteristic.
Therefore,

Qr = Qr(dr)



0. Euler equation and characteristic speed

The Euler equation is

0Qk 0Qk 0Q, 0Qk,
9, + MO, 9, + MO, =0= (M — M\ 1)0,0p,—— =0
tcbkacbk cbk@cbk (01 + OK) —— o ( k1) Cbk@qbk
Therefore
0Qk
8—% X Rka

where R} is the right eigen vector of M.

This gives us a constant when we across the characteristic (implying
increasing ¢, direction) by

d,Qk- — decbk =0 = / (ko — decbk) = const.

't is called the generalized Riemann invariants.



0. Euler equation and characteristic speed
Also it we use the left eigen vector L, of the matrix M with A,

0= L (0:Qr + M0O,Qr) = Lr(0:Qr + A0 Q)

f we define the differential d o along the characteristic ¢ (x,t)=&

d dt d dt
Ly (%) = Ly, (&Qk@ + 0, Qk ﬁ) = L (0:Qr + 02 Q) o 0
Therefore,

/ L. d() = constant

along the characteristics. It is called the Riemann invariant.



0. Euler equation and characteristic speed

The characteristic speed and the eigen vectors of the Euler equation are
calculated by

Al =U—Cg, Ay = U, \3g =u+ cg,

1 1 1
Ll — (03 13_ ) y L2 — (1:05__2) 9 L3 — (Oa 1: ) 9
CS pCS

pCs

1 1 1
Rl — — ) RQ — 0 9 R?) — %S ’
cf 0 cg

For A4, the generalized Riemann invariant is

dp 1
Q= | du | = Ridg, = [ —%
dp c?



0. Euler equation and characteristic speed
't is reduced to

du + C—Sdp: 0,
P

dp—cgdp: 0

Then, if we assume y -law EOS p=(y -1) o ¢, itis integrated by
2¢C,

v —1

P
— = constant

p’Y

u + = constant,

The entropy is conserved when we across the characteristic with A ;. From
the definition of the sound wave

1 P 1 —~ 14+~
dcs = 2(33( dp —p—2): 5 du = d(u —c5) = 5 du




0. Euler equation and characteristic speed

1
d(u —cg) = _Iz_’}/du

T u increases when we across the characteristics, A 4 also increases.
t A

1
/

It presents the expansion wave (rarefaction wave)

4

. P> X
Iftu decreases when we across the characteristics, A also decreases.

A

't present the compression wave (shock wave).




0. Euler equation and characteristic speed

Similarly, for the characteristics with A ,, the generalized Riemann invariant is

dp 1
dQQ — du — R2d¢2 — 0 = du = 0, dp =0
dp 0

Therefore, the velocity and pressure do not change when we across the
characteristic. It presents the contact discontinuity.

Also, the Riemann invariant is

dp P
L2dQ2 =dp — — = In | — | = constant
Cs P!

Therefore, the entropy is constant along the characteristics. It is called the
entropy wave.



0. Euler equation and characteristic speed

Similarly, for the characteristics with A 5, the generalized Riemann invariant is

2¢C,

u — — constant, — = constant
v—1 P
+1
d(u+cg) = B 5 du

't present the expansion/compression wave.

Short summary

1. Weak solution of the Euler equation results in the Rankine-Hugoniot Relation

?. Three characteristic waves appear; two expansion/compression waves and
contact discontinuity

3. The Riemann/generalized Riemann invariants exists along/when we across the
characteristics.



0. Euler equation and characteristic speed

Solving the Riemann problem analytically. Let’s con5|der a specific initial

condition with

P1
P1

With y =14

1
0
1

P4
P4

0.125
0
0.1

|

QL

Qr

This problem is called Sod’s problem. The sound speed is ¢, =1.4,

c.n=1.4x0.8.

The wave structure is left-propagating rarefaction wave, the contact

discontinuity, and the right-propagating shock.



0. Euler equation and characteristic speed

The wave structure is left-propagating rarefaction wave, the contact
discontinuity, and the right-propagating shock.
Rarefaction  Contact Discontinuity

Shock wave

P1,U1,P1 | P2,U2,P2 | P3,U3,P3| P4,U4, P4

X

The task is to calculate the intermediate state (2,3) for a given (1,4) sate.



0. Euler equation and characteristic speed

Let's consider the Rankine-Hugoniot relation with shock wave-comoving
frame (A =0), [F]=0.

pauy — p3ug = 0,
paui + ps — pguz — p3 =0,
(4 + pa)us — (e3 +p3)us =0

From the first two equations,



0. Euler equation and characteristic speed

Then,

@_hmg(l_&),m:ﬂ
P4

We can solve the quadratic equation for psy/p, by

9 X
@:1+L(Mf—1)
P4 v+ 1

T we go back to the inertia frame,

2 A
1{‘2:14__’}/(jwqt_z_l)jj\/[él:
P4 ’Y_I_l Cs4




0. Euler equation and characteristic speed

Then,

)\ = (’7—1 ’Y+1p3)1/2
Cea | ——— +
2y 2v P4

From the Rankine-Hugoniot relation,
2 M2-1
vy+1 M}

—A(ps —p3) — p3uz =0 = ug = A

It we plug A and M, in this equation, we get




0. Euler equation and characteristic speed

Next, we consider the rarefaction wave (1,2). The generalized Riemann

Invariants are

p1 P2 Cs1 2¢s2
5= = Uz T =
pr Py v —1 v —1

v—1
2C, 2
v —1 P1

Finally, it we consider the contact discontinuity, the velocity and pressure

should be constant; uy = us, p2 = p3
Then, we obtain




/. Roe’s method

Sod’s problem is a one example of the Godunov method (exact solution of
the Riemann problem). But, it is infeasible to solve the Riemann problem
from the computational point of view.

We need to seek a numerical scheme for the hydrodynamics.

Roe's method is one of the representative method for the approximate
Riemann solver.

Let's linearize the Euler equation, i.e., freezing the Jacobian Matrix by

U+ 0, F=0 = 9,U+ Ad,U =0,

oOF - S
where A = —— is Jacobian Matrix. Also it is homogeneous, i.e., I' = AU

oU



/. Roe’s method

Roe proposed a matrix ﬂﬂyvhich satisfies the following condition
(i) For U, — U, ugp — U, A(U,Ugr) — A i

(ll) For an arbitrary UR/NL: F(UR) — F(UL) — A(UL, UR)(UR — UL)
(i) The eigen vector of A is linearly independent.

(i) and (iii) sound natural requirement. The condition (i) is related to the
Rankine-Hugoniot relation - A AU + AF=0, i.e., the shock condition.

We diagonalize the matrix such that
A = RAR™! where A =diag(\, A2, A3) and R/R™! is the right /left eigen vector.

Therefore, if the Rankine-Hugoniot relation is satisfied, the condition (ii) is
satisfied.



/. Roe's method
. 1 ~, ~,
atUi‘l‘ E |:Fz—|—% _Fi—%} =0

With this matrix, the numerical flux is calculated by

i

—

1 — — s~ — —
Fi+% = 5 |:Fg;‘|_F3‘_|_1 — A|i+% (Ui—l—l - UE)} )

where |/Zi|z+% = Rz—k%u& i+%Ri—+ll
Before going to the detail of the matrix component, let's understand why this
scheme works. Suppose that the Jacobian matrix and eigen vectors are

frozen,
Gﬂj —|— A@mﬁ — 0,

By multiplying R_l,
o, (R—lﬁ) Y RADT =0 = &, (R—lﬁ) + Ad, (R—lﬁ) — 0
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o, (R-lﬁ) + AD, (R—lﬁ) —0

s the three scalar equation for (R-1U). We can apply the method learned in
lecture 1. The numerical flux with the 1st-order upwind scheme is

foy = (A7), =5 M (070) 44 (170) R (G- )
C.t.
Firg =5 [Uisn + 1) — lal (i1 — uo)

T we multiply by R
(RART'T) = % (RAR™Y) U, + (RAR™') Uypy = RINR™ (Uiia = U,

1
?;—I—E
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. 1 . L L .
(RART'T) =< [(RAR™') U;+ (RAR™) Usys — RIA|R™ (Tips = U1
i+ =
Because F' = AU = (RAR™ YU

el

1 — — — —
Fip1 = 5 [Fz + Fyy1 — RIA|R™! (UiJrl — Uiﬂ

This is nothing but the numerical scheme of the Roe’s scheme.

_et’s derive the concrete form of the matrix A.
First, we define the parameter vector

w1 \/E
W=1 wy | = N where H is the specific enthalpy.
ws \/EH
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With this vector,

2

wy w1 w9
U = w1wWs : F = FY—_llUl’lUg + WQ——H’LU%
1 —1_ 2
S wiws + %wg Wo 3
Let's define
_ + qL .
Ag=qgr —qr, § = 1R > L for an arbitrary qr,/g.
AU = ﬁR _U; = A(wiws) — ng(wl) + wlA(wg)
A(%wlwg + 72—_,}(110%) —ng(wl) + X ’ngwg + wlA(wg)
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With the matrix B

Qi 0 0

B p— TEQ ’lﬁl 0
Sy Ty

AU = BAW

Similarly, for F with the matrix C

w9 ’Lﬁl 0

—1, = Y+1, = y—1 -
C = T—wy Ty, L—w

~ 3 ~ 2 vy 1

0 W o
AF = CAW,
Then, AF = CB~1AU.
Therefore, in the condition (ii), A(Ug,Ur) = CB™*



/. Roe’s method
0

CB™ = R, S—Ywr -1

(m ) ( (v/PL + /PR)/2 )

wy | = | (pPLuL + \/PrUR)/2
(vPrHr + \/prHR)/2

It we introduce the Roe average
5= \/PLPR

Wy /PLuL + \/PRUR

u_;l - \J/PL+ /PR

i \/EHL-I-\/)EHR

151 VPL T /PR

0 1 0
ACBl( 154 CB-ya y-1
(

U

@2 —Hya H—(y—1)a*>  ~a
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We can easily confirm the condition (i) and (iii) are satisfied

() For Up - U, up — U, A(Ur,Ur) — A
(i) The eigen vector of A is linearly independent.

Extension to higher-order is straightforward as we have learned in
Lecture 1. For example, with MUSCL scheme with PPM reconstruction,

. 1 -
Fi+% ~ 9 {F(UR) +F(UL) - ’A’H%(UR - UL)|,

1 1
(UL)irr = Ui+ Z@(r" ) Ai_1 + 2@(r; A,

_|_

6 ’ 3
| 1., _
(UR)iyy = Uig1 — gq’(?}' JAi — §¢(T3+1)Az+1a
AVER]

where A?; = Ui+1 — U?;, ?",Et — AZ
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Fxample (Sod’s problem)




3. Summary

We have learned a basic of the numerical hydrodynamics.

1.

The 1st-order up-wind scheme is necessary to capture the
discontinuity correctly without numerical oscillations.

NMonotonicity-preserving non-linear scheme is necessary for the
higher-order scheme.

The Euler equation has three characteristic and the Rankine-Hugoniot
relation is essential to capture the shock.

By spectral decomposition of the Jacobian Matrix of the Euler
equation, we can utilize the technique invented in the scalar equation.
Roe’s scheme is the representative approximate Riemann solver.




3. Summary

Fxtension to more complicated system will be done (not straightforward)
along the same procedure learned here.

Fxtension 1. Magnetohydrodynamics (7 waves appear)

Fxtension 2. Special Relativistic Hydrodynamics (Conservative to Primitive
conversion + Tabulated EOS)

Fxtension 3. Special Relativistic Magnetohydrodynamics (7 waves and C
to P conversion + Tabulated EQS)

-xtension 4. General Relativistic Hydrodynamics (Spacetime curvature)

-xtension b. General Relativistic Magnetohydrodynamics (Spacetime
curvature)



