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Basis equations for Numerical Relativity
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Others in Numerical Relativity

* Imposing gauge conditions

* Setting 1nitial data

* Extracting gravitational waves

* Finding black holes (finding apparent horizon)
* Adaptive mesh refinement

* A wide variety of matter-field evolution

* Messy numerics...

I will focus only on 3+1 formalism and BSSN scheme
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Section I: Introduction
Toward the solution of Einstein’s equation
for dynamical phenomena

* We have to solve Einstein’s equations as an
“initial value problem”

» Einstein’s equation, G,,=8nGc™*T,,, are
—> Space and time coordinates appear in a mixed way;
“time coordinate” could not always have the property
of time.

* E.g., for Schwarzschild coordinates;
t is time for » > 2Gc¢c =M, but is not for » < 2Gc2M

-> Special formalism is necessary to follow dynamics
of a variety of spacetimes



Schwarzschild spacetime
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[ 1s a radial
coordinate
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Event horizon: -

| | | * 1 is the time
Coordinate singularity

coordinate.

Time coordinate has to have the property of
“time” for dynamical evolution



For getting general dynamical spacetime

Time f [
For the evolution forward

\ \ in time, at each time step,
time and spatial slice

= have to be chosen
. appropriately
./‘ ~ Unknown
manifold

NG 1

Determined by an
/ initial-value problem




Several formulations for initial-value problems

1. 3+1 (/N+1) formalism

2. Formulation based on a special (harmonic)
coordinates (often used in Post-Newtonian theory)

3. Others?

In this lecture, I will focus on the first one.



Einstein’s equation = hyperbolic equations

. . . 1 G
Einstein’s equation: G, = Ry, — > guyR =38m CTTW

Here, Ryy=0,1'%, — 0,I%, +T%,I" . —1% I,

1
[y = Egaﬁ(augw? + 0y Gup — aﬁguv)
- 2(—g)G"Y = 0,05 (—g) (g* g*F — g**gPV)| + (—g)t*

thV =0 {(6 gw)z} : Pseudo tensor of Landau & Lifshitz
De Donder gauge: d,(/=gg**) = 0

- 2(=g)6* = V=59 0,05 (y=39"") + 0 {(9g,)’]

|

Wave equation 9



Einstein’s equation is similar to multi-component
scalar wave equation: several reformulations

D  07dq = Agq «<—— Post-Newtonian way

=J
@ - {am;] _ 2¢£ +«— 341 way
t'a — a
(77619 ¢a) = (Ky 5 7/1])
or where a=1—N: # of components

( _— .
@ N <gtibai__:.lgbc;
Ut¥a T YiSa

<—— Hyperbolic way

Similar to each other: However, spacetime is not
a priori given in general relativity

10



Section II: 3+1 (ADM) formalism
Concept

1. Foliate spacetime by spacelike surfaces

2. “Choose” appropriate time coordinates for a
direction of time at each location on the slice

3. Follow dynamics of spacelike surfaces

Fi
AL

> Spacelike
hypersurfaces

11



First step: 3+1 decomposition & definition of variables

TiAme o 3 Choose time axes
4 Evolve y; & K;in time at each point

(choose shift vector £7)

n, = —avut;

th=(1,0) | M= 1

Space

2 Draw timelike
unit normal wrt

spacelike surface, _Z

and choose lapse ___—c—o--494-~""""7" o lapse function

il 0
1 Choose an initial . .
spacelike surface .7 Ky~7y: Talk later

& give space geometry

—
-
—
—
—
e B
—

Note: an® =t — B# 12



Defined variables

. \ k
¥; = space metric Euv 2 (%7’ & 'B )
o —~ o _
K= extrinsic curvature | “~~« Dynamics
a = lapse function
TP o - Gauge
[ = shift vector )
Vv = Guv T Myt Y’ =0 & myn* = -1
1
— U —
Kij = —=v,"v;'Vyn, = — =Ly
Derive this later RN ~ Lie derivative

wrt nt

Note: L,Q,,, = nV,Qpy + Qg Voyn® + Qg Vyn®
— naaaqu + Qauavna + Qavauna 13



Line element in 3+1 form

.................... l
LRI
i
dx

ds* = —(adt) + j/i].:(dxi + pldt)(dx’ + dt)

14



Structure of variables

nﬂ:[l, _ﬂij, n, =(~a, 0); cf. " =(1, 0)

a a

o :lapse function, £’ :shift vector; g, =y, f’

. - ~-a’+ BB, B o ~1/a’, ' 1’
e ) ALY ¥

ﬂkﬂ 9ﬂi v O ’O
Cf. 7//“/ :[* k : 7/# = . .
> Vij ¥4

v Kyﬂ’ﬂJ,Kyﬂ] s 0,0
HV % ,K.. ? *,KU

y

Note: y, n#=0=K ,n*, but 3, & K, are not in general zero
15



Next step: defining the covariant derivative & K;;

As a first step, 1t 1s necessary to define covariant derivative
associated with y;: Dy

D;vjr = 0 <« required property (Cf. Vugap = O)

TeFY uve-- Spacetime tensor
Define
D Tl]k _ ., 6.0, nov., $ .V T“.Bp"'
l mno-- — V1 Ya Vﬁ Vp Vm Yn Yo - o) UvE---
g J
Then, v proj ectlon M

Diyvij = Vi°Vi VJB VsYap = Vi'Vi V,B Vs(gap + nang)
=7.%; Vjﬁva(nanﬁ) V°Yi V]'B(nachnB + ngVsny)
=0 (v vy’ =0) oK



Relation of Kij with three metric

1
Kij = —yiaj/}.gvanﬂ = —Ej/l.a]/f (V I’l -I—V ) K,;: symmetric tensor

7/ia7/]°ﬂvanﬂ = (gza +nin“)gfvanﬁ (nﬁvanﬁ - O)
=V.n, +nn"V n,
= sz/' - _%<VZVZ] ‘|‘an, +nﬂvu (nln])) ....................... ;=i — &i
1 ~ 1
E(y]avzn +7/105V l’l Th Vﬂylf) L.C., Kij — LnyU
z—%(yjaﬁln + 7,01 +n“8ﬂ7/l]) ant=(1, -3’
_ 20{( 7,—D.B,—D.B)

Note: ¥;4,0,n% = a~'y;,0;(an®) = —a"lyjkai,@k 17



Geometric meaning of Kij

If space-like hyper-surfaces are curved,
/ n 1s not parallel-transported.

A
I

u”VﬂnV #0 R

u'K, =—yu"V n, #0

Y

K, denotes how a chosen spatial hypersurface 1s curved

18



Useful, often-used relations

— G — —
K,=-V,n -nn’V.n ==V n -nD, Ina

Note: n°V_n,=D, Ina: acceleration

We will use these relations for many times 1n the following

Note also: K = Kl-jyij = =V, n#

Problem I: Show n*V,n, = D,Ina

19



Last step: 3+1 decomposition of Einstein’s equation

r

G, n"n" =8xT, n"n" :Hamiltonian constraint

G, n"y, =8xT,n"y, :Momentum constraint

.

{ G,riy;=8xT,y!y; : Evolution equation

1
g2 (Vy o B & Kij = = ~Lyyy;

* First two equations = constraint equations
* * no second derivative of spatial metric
(not hyperbolic, elliptic type equations)
 Last one = evolution equation
- = hyperbolic equations of spatial metric

* No time derivative for oo & % : These are gauges
20



Similar to Maxwell’s equations
V.E'=4np, B
V.B' =0 )
OE = (VxB)i — 477

| Z_ > Evolution equations
0B =— (V X E ) J (hyperbolic equations)

Toward the solution:

Step 2: Solve evolution equations.

21



All equations have to be written by (y;, K;)

Method: Derive Gauss & Codazzi equations

(DiDj — DjDi)a)k = 3 Rijklwl; w;=spatial vector
Using the definition of 3D covariant derivative,
D;iDjwy =v; V,B Vi Va (V,; Y5 Vi wv)

=Y y]ﬁyk V V,BwS + ylay]ﬁ)/kv ( ayﬁu) (vuwv)

7Y Ve (Vavs ) (Vuwy)  See next page

=Y V]ﬁ)/k VoVpws — (n*Vaw,)yy KikKjlwl

(DLD] — D]Dl)wk )/l )/] Vi (v V’B vﬁva)w5
—(KikKjl — ijil)a)l 22



where we used

Vayﬁ5 = Va(géS + nﬁn5) = Va(n[;n‘S)
= nﬁvan‘s + n5vanﬁ
= —ng (K2 +n,D°lna) — n‘S(Kaﬁ + naDﬁlna)
=Y V]ﬁvayﬁ = —n°K;;
and
Vj”nvvuwv - = yjuwvvunv n*w, =0

= yj”wv(K,)’ +n,DVIna) = a)kKjk

Note again: V,ng = —Kyp5 — ngDglna & y,,n" =

23



Then, we obtain the Gauss equation:
(D;D; — D;D;)wi = @ Ryl wy

=i V]ﬁ)/k Reps '@ — K; Klkwl + K Kjrew,

= [(3) RL]k = Yi y]ﬁyk R ﬁ6 o I(leik + Kill(jk]

Note w;: arbitrary spatial vector

Contracting the Gauss equation,

DRy = Ry = v Vi Ry
=y (9] +1P1) vERyps” — K Kue + K/ K
= 7V (Ras + Ryps " 1Py ) — K/ Ky + KKy

— K/ Ky + K/ K

Hereafter we write K = ij
24



Further multiplying y

3R = (R + 2Ry pn*nF) — K% + K;;KY

= 2Gagn*nf — K% + K;;KY
G ~ Substitute
= 167‘[—T ap M anP — K? + Kl-jKU Einstein’s equation

— [<3>R + K2 — K;;KY = 161 = Topn nﬁ]

Hamiltonian constraint: 1 component

Note: G, n*n" (Ruv — ;—gwR) n#nV

1
= R,,ntn" + ER

25



Derive Codazzi equation

Start from (V,V, — V,V,)n% = —R,,,;%n°

o)

= ¥,"Y" Ve (V¥ = Vi,V )n® = =y, 5y Ve Ruve™n
Now %"y vV, Vyn® = v,y va'V, (—K,* — n,a%)
= —Dl-Kjk + akKl-j Note:a® = nfvgn®
v, v va (V,V, — V,V, )n® = —D;K;* +D;K;"
= D; K" — DiK* = v" v/ Vd Ruvo™n®

. . Codazzi equations
i, k contraction

. o B
= D;K;' = DiK =y, ¥;'Ryys*n’ = —=y; Ryen®
G
= —38m CIT'LWTL“]/]-V Note: Ruvaanana =0

Momentum constraint: 3 components 26



Derive evolution equation I
Start from contracted Gauss equation (see page 24):
BRij ="y (Ruv + Ruavpn®n®) + Ky K" — KK
The term, y," yj"RWvﬁnanﬁ , contains 9. K;;
To see this, pay attention to
nayil‘ijRWanB = nayiuij (Vuva - Vavu)nv
Here, V,V,n, =V, (=Ky, — nyD,Ina)
= =V, Ky + (Kua + nHDalna)Dvlna — N, V,D,Ina
Thus, n“yi“ijvuvanv = —n“)/i“ijVHKav + D;Djlna
And n“yi“ijvavunv = —n%” V' VaKyy — (Dilna)Djlna

Note again: Vong = =Ky —ngDglna & y,,n" = 27



Derive evolution equation 11
Hence, n“)/i”ijvaﬁnﬁ = —n%y* Vi’ VuKey + DiDjIna
+n“yi“ijVaKw + (D;Ina);DjIna

1
=¥ V) Ky Vun® + vy, nVaKyy + —DiDja

Here,
yi”yj"KavVHn“ = — ajyi“(KH“ + nHD“lna) = — ijik
and n%V,K,, = L,K,, — K5V, nf — K, gV, nF
= LKy + Ky (KS +n,DPIna) + Ky (K, + n,DFIn)
- ¥y n*VeK, = LoKij + 2K K"

Therefore, n“yi“)/ijWanﬁ = Ly K;j + Kl-kKjk + ;TDichzrs



Derive evolution equation 111

Thus, the contracted Gauss equation 1s written as
®Ri;i = v*v" (Ryy + Ruavpn™n?) + K K — KK

L]
H. v k 1
= )/l- )/] Ruv + LnKij ~+ ZKikI(j — KKU + EDLD]a

HCI’C, LnKij — n“VaKij + Kiuan” + KjMVin“

=n%d_K;; + K;,,0;n* + K;,,0;n*
o e R Note: Kaﬁnﬁ =0

1
= — [an“aal(ij + Ki‘uaj(anu) + Kjuai(anu)]

al Note: anf = (1, —,Bk)
= E[(t“ — B0, K;; — Ky 0;B% — Ky 0,8 ]
1

T |0:Kij — B*DyKij — Ke D;B* — Ky DiB¥]

29



Finally we obtain

Thus, the contracted Gauss equation 1s written as
atKl'j = (S)RU + :BkaKij + Kiijﬁk + I(jkDi,Bk
—2aKy K" + aKK;; — DiDja — ay,"v;' R,y
= a ®IR;; + B*DyK;j + Ky D;B* + Kj DiB*
—2aK;, K" + aKK;; — D;D;a
G T
—81 Cjayiuij (T/,Lv o 2_91,“/)

The evolution equation: 6 components

Note Einstein’s equation 1s written as

G 1
R,u,v — 87TC_4(THV — ZgﬂvT); T = Taa

30



Summary of 3+1 formalism

\

YR-K,K"+K*=16xT, n"n"
DK'-D K =-8xT, n"y}

K,=a(9R,+KK,-2K,K!)-DDa  ~
+K,D,p' +K DS + B DK,

| v 1 Y% LV ] G

—8zal,, |7y =S (T =ty

» Constraints

> Evolution

7}17- = —ZaKl.j +Dl.,8j +Dj,8i

a, < Gauge condition

31



3+1 equations: Constrained system

* 3+1 equations seem to have too many components:
Constraints seem to be redundant equations, because

7 & K, are determined only by solving evolution egs.
* NO!

* The constraints are guaranteed to be satisfied if the
evolution equations are solved precisely
> No inconsistency

32



Evolution equations of constraints

G
4, =6, -8xT, —

Y 4
=Hn,n, +Hl.7/LnV +Hl.7/1’;nﬂ +Hy.7;7/1f
H,=0, H =0 --- H & M Constraints
H,=0 .-« Evolution egs.
v.4' =0 =

a . . =\
(0,-B'0,)H, =aKH,-2H.D'a—aD,H' +aH K’

(6,-B'0,)H, =-H,D,a+aKH, + H, ", - D, (aH/)
- /
Problem II: derive these equations

If constrains are zero at t = 0 and the evolution equations

are satisfied for any 7, the constraints are always satisfied.
33



Counting the degree of freedom

* 7; & K;; have 1n total 12 components
* Real dynamical freedom?

* 4 components are constrained by the presence of
constraint equations

* 4 components correspond to the gauge freedom
* Remaining degree of the freedom 1s 12—4—-4=4

* 2 for each of 3 metric and extrinsic curvature
—> This 1s the dynamical degree of the freedom
(1.e., gravitational waves)

* In the alternative theories of gravity, this situation is
usually changed

34



Nature of standard 3+1 formalism

* Evolution equations are hyperbolic equations of
6 components, but it is not simple wave equation

* Unpleasant additional terms even in the linear order

- 1. \
KUN_E%'J'

AN

op | C R
Rij ~ 5[‘A7l~j Ty (7/ik,zj TV ki _aij%d)]
= Y RAy,

cf. Maxwell's equation
0,0°4;,—0,0,4" =0

35



Linearized vacuum equations

Linearized Einstein equations
with =1 & B’ =0 Just for simplicity
y; =0, +h; |h |1

Y

Evolution eq. : hy =AM —hy =Nyt Iy

These terms cause a problem

: in numerical simulation
Constramt H : Ak, —h, . =0

M :h,—h ;=0

Problem III: Derive the linear equations for @ # 1 & % # 0
Problem IV: Find a gauge condition which leads to h;; = Ah;;

36



Stability analysis

Decomposition:

hl.j = A5l.j + C,l.j + ZB(Z 7

, B, :vector, h.T.T : tensor
definition: B;; =0, h;f h,' =0
— Trace h, =34+ AC,
Divergence £, , = A, + A(C, + B))
substitute N h _ Ah . hik p . h]k ; 4 hkk,l-j

Ahy—hy =0, h —h, =0

ij,i i,
Substitute the decomposition form into these

37



Linearized 3+1 equations with o=1 & (=0

Constraints : <

Evolution egs. : <

‘H: A4=0
M: 9,(-24,+AB,)=0

hTT hTT <
ij T Wave equation:
Bip=0 v . fine
_ s
A=Ad4 “ Strange forms;
C=4 e Locally determined

-> problem

38



Solutions I

1 Equations for hl.]T.T =Wave equations

— True degree of GWs: No problem
2 Constraint (H) : 4=0
& Evolution equation for 4 = wave eq.

— Violated constraint will propagate away.
3 Constraint (M) : (—2A,l. + ABZ.) =F (xi )

. . i Numerical integration
For 4=0, B = FBi (x ) of zero is zero

Evolution equation for B. gives B, =F, (xi ) —0

& B = { F, ( X ) t} + FB,- ( xi) No problem if the constraint

is satisfied
39



Solutions 11

C 1s not constrainted by constraints,
but determined by C=4, A=AA

If constraint 1s violated and A4 =0 mitially,

r

A=Yy, Jn =0+ EC+D

=Yy, [r=0*eU*D o,

A small constraint violation results in a serious problem

40



To summarize

* In the original 3+1 (N+1) formalism, if constraints
are violated even slightly, the error increases with
time even in a nearly flat spacetime with no limit

* That 1s, it is unsuitable for numerical relativity

* The origin of the problem:

h :Ah —h. .—h. .-I-h .
ij ij u ik ,kj jk ki kk@
~
First, noticed by Takashi Nakamura (1987)

41



Section III: BSSN formalism

Essence

e Need reformulation of 3+1 formalism

* At least, 1n the linear level, wave equations must
be derived

Define new variables

b = hy J F:and ® are considered

d=h as independent variables
! = h; looks obeying a wave equation

.

and rewrite as

hy=Ah, —F,  —F, +®,

How to derive the evolution equation for F; & © ?

42



Reformulation using constraint equations

Momentum constraint: fz. hﬂl 0

= F —Cji) =0: Evolutlon eq for F

Trace of h =Ah,—F  —F, ,+D,
= O=2AD-2 F,
Hamiltonian constramnt: A® — £}, =0
= ®=0 > ®=0 = F,=0
— hl] = Ah,
Using the constraint equations appropriately in the

reformulation, we can guarantee the hyperbolicity

43



Similar definition of new variables F;, & ©
should be possible even in the non-linear case

|

BSSN formalism

First, derived by T. Nakamura (1987); essential idea
was described in his original paper.
Subsequently modified by Shibata & Nakamura (1995),
Baumgarte & Shapiro (1998) but no qualitative modification

44



Original version of the BSSN formalism
(Shibata-Nakamura 1995)

First of all, write the line element

ds’ =—(a’ = BB')dt* +2Bdx'dt + "7 dx'dx’

Here, clet(ji.j)zl. (¢ corresponds to @.)
As conjugates for y, and ¢, define

~ 1 g
A.=e* (Kl.j ——yl.J.Kj and K = trace(K..) ="K

y 3 y y

Up to here, we increase 2 variables (¢, K) and
two new constraints, det(fl.j) =1 and 4,7, =0

45



Then, the equations are
2

(at _18161)71']' — _20521']' +77ilIBlJ +77jl:BZ,i _5771']'181,1
/ 1 [
(0,~poNp=—(-ak+p)

- ; I ] I
0,-B'0)4;, =ae™ (Rl.j -3 )/Z.J.Rj—e 0 (DZ.D 23 yijAaj

~ ~ o~ ~ ~ 2 A
+0[(K14U —214,-114]1-)"_ Ailéjﬂl T Ajlaiﬂl _Eﬂl,lAij

- S CL
_Srae 4¢Tw { vy —=r" 7/1,]] H-constraint 1s used

3 /
0,-B0)K :a(}]y}ff +%K2J_A(Z—I—47ZO£TW (Vl”nv +7/ﬂv)

G
Note a 1 Not sufficient in this stage ! 46



Note: don’t misunderstand the essence!

* The linear analysis for the simple conformally-
decomposed formalism shows that
“System is even more unstable”

* An exponentially growing mode appear

hy =Dy =l =My > 8

_ TT was already done
h,=C, + B+ h;

= C=-AC

“Conformal formalism” is a crazy naming for BSSN formulation

47



Linear analysis shows that the problems

come from Rl.j

~S

_ D ¢ .
R, =R, +R;: R,

; 18 Ricci tensor of y,

4
1

R} =-2D,D,¢-27,D,D"¢+4(D,¢) D ¢
~47, (Dk¢)15k¢ ... scalar part

Rij = 5[_7/ (7/ij,kl —Vikjt =V jk.i )]
~k T =) S
Ty ,krl,ij — ijril -
Ykk,ij Was already

See appendix I for Rl.q?. rewritten by qb;i]'

or textbook by Wald (1984)

48



Write formally 77 =67 + f7

- ~/

~k] ~
=V (7y,kz_7/ik,jz_7/jk,iz) ,
i e ) _— Linear
= Aﬂat%-j -0 (%k,jl + ij,iz)
. . - Nonlinear
ki
+f (7/1']',kl —Vik.ji _7/jk,iz) —
= Define [E. = 5"1771.,{,[}
as 1n the linear case
= Apy; =0 (%’k,jl +7jk,iz)
:Aﬂatj;ij o (E] + F]z)

ct. page 42

49



Next step: Derive evolution equations for the
new variable F; using the momentum constraint

* As 1n the linear case, the equation equation for F;
should be derived from momentum constraint

Momentum constraint:

. NN B
D, (e 4})- €DK =87 "

or D, (05}];)+{6a(l3i¢)—l3ia} Al —%aﬁjl{ =8maJ
t :

Here, 204, =0, = B'0)7;+7:B'+7uB's =575

50



Thus, a term Dl.(fkat'y.k) appears and

D (70,7, )=7" (00,74 -T}0,7, ~T10,7,)
=0,F, + f*0,0,7, -7 (T}0,7, +T40,7,)

ot

In other view, the momentum constraint can be
considered as the evolution equation for F;

Other terms with 0,7, are rewritten using

. ~ . 2 .
(0, —ﬂl@l)yl,j = _2aAy +7/il:BlJ +7/j1181,i _57/1']‘:81,1

51



Equation for F;

(6t_18kak)E
“2a| fHA L 7N - A v 6p A —ZK
af zjk+7/,kij 2 y]kz+ ¢,ki_§ )i
—25”‘05 A +067 B* ik
. . 2 . -
+(7/ik18k,j+7/jk18k,i_§7/ij18k,kj 5]1_1672-05‘11'
!
Note no nonlinear term of (hy,ﬁy); h,=y,—0,

This is an alternative form of the momentum constraint

52



Summary of BSSN formalism

* Definition of 3 additional variables (5 components)
(F, K, @) 1sessential, in particular F;; 1s the key

* Conformal transformation is not essential at all:
Only with conformal transformation, the resulting
formalism does not work (even worse than original)

- “Conformal formalism” is a too bad naming.

* The increase of the new variables results in the
increase of new constraints: 17 evolution equations
with 9 constraint equation.

 Momentum constraint is solved as an evolution
equation

53



Alternative (Baumgarte-Shapiro ,1998)
i o~ ok~
Detine I"=-y" . instead of F;=0"y,,.

(In the linear level, both reduce to 7, ;.)

i i 4 2~i' i
(6,-p0,)T zza(rjkAf" —37'K, +6¢QjAfj
I/ g Zfi j ~ jk i | j
o ﬂ,j—l_g IB,j+7/ IB,jk+§7/ IB,jk

~16 7Z0(j7"j T Slightly simpler, but essentially
/ no difference from original

= | RN ~ ko~ Tk
Rij:_i(j/ 7/y,k1_7/ikr,j_7/jkr,i)

1/,.., _ L B ~ o~
— 5 (Vkl,j%'k,l + 7/jk,z7/kl,i - Vy,krk ) — Fikrl}’:z

54



Nine components of constraints

Hamiltonian constraint (1)
YR-K,K"+K*=16xT, n"n"
Momentum constraint (3)
DZ.K;. - DK =-8xT, n"y;
Tracefree condition for 4, (1)
4,7 =0
Determinant=1 for y, (1)
det (77U) =1
Auxihiary variable (3)
Fi=7;, or I'=-y

95



Puncture-BSSN
(Campanelli et al. 2005)

Define y =e¢ ™ (or W =¢?) instead of ¢
to follow a black hole spacetime.

Schwarzschild spacetime 1n the isotropic coordinates:

2 4
ds’ =—G_Z;§FJ dt’ +(1+2%j (dx2 +dy’ +de)
+ Vv Vv

d=In|1+ M 20 o Note: rfO 1S npthing ‘put
2r a coordinate singularity

4
Define y = (1+2Mj . regular everywhere
r

— BH spacetime can be numerically followed

with no special technique
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With new conformal factor

y=e* or W=e*

Y, W are not
@~ F0)p=(-ak + ) divergent
= (7, _ﬁlaz)W = %(QK _:Bl,z)
v Ry

=2¢*|-D,D ¢-7,Ap+2D,¢D,¢—27,D,4D"¢ |
= Y 'R/ =WDDW +7,(WAW -2DWD'W)
No divergent term even for BH spacetime:

Coordinate singularities are well handled
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Extension to N+1 case (/V > 3): straightforward

* Structure of the equations are unchanged

 BSSN formalism 1s slightly modified because the
dimension 1s different (Yoshino-Shibata ‘09)

* In the following, spacetime dimension 1s denoted
by D = N+1
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For ds* =—(a’ - B,B" )dr’ +2,8kdxkdt+;( ' dx'dx’

(0,
(0,

(0,

(0,

-p'o )K:a(ﬁ A7 + K ]—AOZ-F
! ij

- B0y, =2a4, +7,B8 +7.,B . - %,ﬁ ;

By == (ak-p)

D -1

—,818,) —a;((R —LQ/U.R) ;((DD(Z—;%A&]

D -1 D -1

+a(K21U—221i12j.)+2ﬂ8].,81+ 0. ——,3; ;

1
—8770%2,{%“7]- o 17 %]}

8o
D-2

P TW((D—S)n“nVJrQ/”V)
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D-2

(8,-B'0,)T" =2a (fgk}iﬂ‘ -

~7 D_l ~l”
7K, 27 A]j

D-3 _.,. .
7/kﬂj,jk

= i 2 =i ik i
B A~ R A

Robust for any dimension (at least up to 7D,
Shibata & Yoshino, ‘10)
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Appendix I: Conformal decomposition 1

7/1']‘:'7”4771]9 Diyjk:()a Dj; O

i 1
ij:571(8j7k1+8k7/jl 17/]k)
1 . . . .
:27/1(8j7k1+5k7/j1_817/jk)
2
+W 1(7/1«16'7”"‘%18/{'7” 7/jkaZW)

i 2o i 7y ~ i
:ij +;(5ijw+5jDkl//_7/jkD W)

1 i
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Conformal decomposition 2

Ry =0, =0T} +T,T} ~T'T,

i~ Jjk j ik
AT -y =i 1=l =i Tl
— @irjk _ajrik +ijril _rjlrik
I S L S SR L\ SRR L.
4
/s’ i i i i il

=i o~ Thi i Tl i Tl
. +ijcil _Fleik + Cjkril - lerik

= R, + D.C;k -D.C, + C;kCiZZ B C;lcilk

i j ik
R;/';c - ﬁiC;k _ﬁjCz’ik T C;kcilz o C;lcilk
1/~ = o -
- (6Dw Dy —27,DyD'y)
2~ o~ .
—;(D,-DkwwjkAw)
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Appendix 11

How to derive the evolution equations for constraints

G
Ay = Gy — 8 —T,

o4 TR
= Honunv + Hl-yiﬂnv + Hl-yivnu + Hl-j
where Hy = A,,n¥nY, H;= —A, nty", H;j= Awy‘lfyvj
H, = 0, H; = 0: Hamiltonian, momentum constraints
H;; = 0: evolution equation
Vv, A", = 0: Bianchi identity V,G, = 0 & EOM, V, T/, = 0
In the following we often use

AY,n¥ = —Hyn* — H*,  HFn, =0
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Evolution equation of the Hamiltonian constraint

0 =n'v, A", =V, (4% nY) — A*V n,

— _V (Hon“ + H*) + A“"( +n,D lna)

— _nuv wHo — HyV,n* —V, H¥* + HYK;; — H*DyIna
= — —(at B*0;)Hy + HoK — EDk(aH") + HYK;;
— Hkalna )

= (0; — B*0y )Hy = aHyK — EDk(aZHk) + aHYK;;
where we used H#*n, = 0, V,H* = a Dy (aH¥),
n, = _(Kuv + nHDvlna)



Evolution of the momentum constraint

1 1
0= vuAﬂi T a )7 u(“\/VAM) — A‘“’@lgw

Now, we have
A", = ARyY, = Hn* + H",

1 .
—-H’"0,yjx

1 1
—A“"aigw = —Hoailna + —Hkaiﬁk + 5

2
Hence, 0——@AmenW+Hﬂ]

1 T S
—a(—Hoailna+—Hk6i,B +2—Hf aiyjk)

= an*d,H; + H—a ylayynt] + La la/yH"]
N N ‘

kL % ik
— (—Hoaia + Hkai,B + EH 6ly]k)



Continued

Then, 0 = an”d,H; + aH;V, n* + \%ak(a\/VHki)

a
- EH]kaiij + HoD;a — Hy.0;8%

= (8, — B*0,)H; — aKH; + D;.(aH") + HyD; — H, 9;8*
= 0.H; — aKH; + D, (aH%) + HyD;a — (B*Dy H; + H, D; %)
Thus,

0:H; = aKH; — Di(aH%) — HyD;a + (B*DH; + H,D;5¥)
Or
(0; — B*0,)H;= aKH; — Di(aH%) — HyD;a + B*0, H;
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Appendix 111

Vacuum linearized Einstein equation with arbitrary gauge

a .
a=1- 2 (lal « 1), B' + 0, Yij = 0ij + hyj

Evolution equation:

hij = Ahy; — gy — N + Ripeij — @i + Bij + By
Hamiltonian constraint: Ahyy — ki ;i = 0

Momentum COHStI'aiIlt: hik,k — I:"kk,i — (:Bi,kk — :Bk,ki) = (



Harmonic gauge

au(\/jgguv) =0
.

—Cl — ]:lkk ~+ ZIBk,k — O

=<3 . 1
Bi — hig x — E(a,i — hkk,i) =0
\
= —hj ki — Mjgki + hixij—a;;+Bi; +Bi =0
( .
hij — Ahl]
= bi = AB;

\

a= Aa + Z(hik,ki — hkk,ii) = Aa

Hamiltonian constraint, = 0

Hyperbolic equations are obtained
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problems

Problem I: Show n“V,n, = D,Ina

Problem II: derive the evolution equations of the
Hamiltonian and momentum constraints

Problem III: Derive the linear 3+1 equations for

a+1&B*#0

* Problem IV: Find a gauge condition which leads to

h;; = Ah;; 1n the linearized Einstein’s equation
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