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Making sense of data: introduction to statistics for gravitational
wave astronomy

Problem Sheet 1: Frequentist Statistics and Stochastic Processes

Solutions to questions on Frequentist statistics

1. The pdf of the Beta(a, b) distribution is

B(a,b)

A=t (1 — )t fo<a <1
p(x) = :
0 otherwise

where .
B(a,b) = / 211 — ) de
is the Beta function. The mode is foufnd by setting the derivative of the pdf to zero
(a—1Dz" 21 —-2) 1= (b-1)2"'1-2)"2=0 = (a+b—-2z=(a—1).
So the mode is (a —1)/(a+b—2) unless a+ b = 2, in which case the mode is z = 1.

To derive the other quantities we need to compute moments of the distribution.
This is most easily done using the identity

['(a)l'(b)
I'(a+0b)’

which you can use without proof !. Using this identity we can prove

Beta(a,b) =

E( n)_Beta(a+n,b)_F(a+n)F(a—|—b)_ (a+n—1)...a
v= Beta(a,b) ~ T(a+b+n)T(a) (a+b+n—1)...(a+b)

The mean is found by setting n = 1 in the above, giving a/(a + b). The variance
can be found using
ala+1) a® ab

var(X) = E(z?) — E(z)? = @tbt)atd) @+’ @tb0latbrD)

and so on. The skewness is

2(b—a)vVa+b+1
(a+b+2)Vab

Nn(X) =

and the excess kurtosis is
6[(a —b)*(a+b+1) —abla+b+2)]
ab(a+b+2)(a+b+3)

Ex. Kurt(X) =

Solutions that explained how to compute the results and quoted the final results (or
derived them using computer algebra packages) were acceptable.

'The proof involves writing T(m)I'(n) = [;° [; e “u™ 'e~*v" "' dudv and doing a substitution

u=r2cos? 0, v =r2sin? 6. After this change of variables the radial part of the integral can be recognised

as I'(m + n) immediately. The 0 integral is 2 foﬂ/ e

Beta(m,n) by writing x = cos? 6.

0521 9 sin®*~1 0 d, which can be recognized as



2. The joint distribution of (X,Y) is

3.

n_q _ @2ty
27 Te 2

1
oY) = )

since they are independent. We define two new random variables

The Jacobian matrix for the transformation from (z,y) to (¢, u) is

o ot n _zx [n
_ ox O _ 2
J—(a_u 8_5)— A
or Oy 0 1

from which we deduce the joint pdf of (T, U)

1 1 n—1 ,g(Hﬁ)
t,u) = -—plz,y) = uze 2 n.
Pl ) = [P ) = e /)

We now integrate u out of the distribution to find p(¢). We note

n+1 n+1
> n— _u j t2 T2 > n— a t2 T2 ]_ n
/ uTle 2(1+t">du: (1+—> / ﬂTleffdﬂ: <1+—> F<n+ )231.
0 n 0 n 2

Hence we deduce the pdf of ¢

p(t) = LTZ (Hﬁ)"?

as required.

(a) This is the standard Birthday Party Problem. The birthday of each GW source
is independent and there are 365 possible birthdays. Therefore there are a total
of 365™ possible ways in which the birthdays can be distributed through the
year. Out of these possibilities, the number of ways in which all the birthdays
are different is the number of ways to choose permutations of size n from a set
of 365 possibilities, which is 365F,. The probability that all the birthdays are

different is therefore
365!

(365 — n)! 365"
Evaluating this for n = 22 gives 0.524, while for n = 23 it gives 0.493, so once

23 events have been observed we are more likely than not to have two on the
same day.

(b) If the n events are distinct, then the probability that the new category of event
falls on the same date as one of the previous observed events is just n/365. If
we do not specify that the events are distinct then it is easiest to consider the
problem the other way around. The new event singles out 1 date out of 365 that
is special. The probability that a particular event in the first category is on a
different date is 364/365. The probability that all of the first class of events
are on different dates is (364/365)™ and the probability that at least one of the



first category of events is on the same day as the new event is 1 — (364,/365)".
As a LIGO example, the first binary neutron star event was observed after 10
binary black hole events had been observed. The probability that it would be
on the same date as a BBH merger is therefore 2.7%, so it would have been
surprising if it had coincided with a BBH.

(c) Working in time units of days, the stated rate is A = 1/7. The separation of
events drawn from a Poisson process with rate A follows independent () dis-
tributions. After observing n events, we have observed n — 1 event separations
and we are therefore interested in the minimum of n — 1 independent £(\)
random variables. The probability that this minimum, m, exceeds 1 is

n—1

P(m > 1) = (P(X; > 1))" ' =e 7.

When n is large enough that this is less than 0.5, we are more likely than not
to have seen two events separated by less than 24 hours

_n—1

e 7 <05 = mn>T7n(2)+1=5385.

So once we have observed 6 events there is a better than 50% chance that there

will be two within 24 hours 2.

(d) In this formulation of the problem we ask about time rather than the number
of events, so we must marginalise over the latter. After observing for time t,
the number of observed events, n, follows a Poisson distribution with rate At.
If n =0 or n = 1 the separation of events is definitely more than 1 day. If
n > 2 we must compute the probability that n events distributed randomly in
the interval [0,¢) have a minimum separation greater than 1 day. Denoting the
latter by p, the probability that the minimum separation is greater than 1 day
is

P(m>1)=e

2L (Mt)F
1+/\t+z(k!) pk] (1)

k=2
where A = 1/7 as before. It remains to compute p,,, which is the probability
that the minimum separation between n points distributed in [0,t) exceeds 1
day. This is equal to the probability that the minimum separation of n points
distributed in the interval [0, 1] exceeds 1/t. There is an extensive literature on
the “stick breaking problem”, i.e., the distribution of lengths of the pieces of a
unit length stick broken at random (see for example L. Holst, J. Appl. Prob.
17, 623-634 (1980), which has been uploaded to the course website along with
these solutions for those who are interested). The result we need here is the
probability that the first r intervals on a stick broken into n + 1 pieces all
exceed & = 1/t, which is (1 — rz)}, where a; = a if @ > 0 and 0 otherwise.
In fact, we need the probability for the middle n — 1 intervals out of n + 1,
but as the stick is broken at random the distribution must be symmetric under

20ne of the submitted solutions answered the different, but also interesting question, of how many
days would you have to observe before seeing two events on the same date. In that case, we want to use
the probability of seeing less than 2 events on a given day, which is p = (8/7)e~'/7 = 0.99072. After n
days, the probability that we have seen 2 or more events on a day is 1 — p™, which is equal to 0.5 when
n = —1In(2)/In(p) = 74.33, so we would have to wait 75 days. This is about twice as long as we have to
wait to have two events separated by less than 24 hours.
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Figure 1: Probability that all event separation will exceed 24 hours as a function of
observation time (blue curve). The horizontal orange line indicates a probability of 0.5.
The blue curve reaches p = 0.5 at ¢t = 41.4332.

permutations of the intervals and so this is the same as the probability for the
first n — 1 intervals. We conclude that

= (- 2)

A direct proof of this result is given in the Appendix. Using this result in
Eq. (1) we can evaluate the probability as a function of observation time. This
is shown in Figure 1. The probability reaches 50% at ¢ = 41.4332. During that
time, the expected number of observed events is 41.4332/7 = 5.92, which is
close to the n = 5.85 found (much more easily) in part (c).

4. Solving
Pr[X; = 1] .
m = ep], and PI‘[X] = 0] + PI‘[X] = 1] =1
for Pr[X; = 0] and Pr[X; = 1] gives Pr[X; = 0] = =7 and Pr[X; = 1] = %
Putting these together, we can write Pr[X; = z;] = % The likelihood function
for (a, f) is

n

L(a, B;x) = HPr[Xj = ]

j=1 j=1

_ ﬁ eriwi exp{d i (a+ 523')1']'}'

(L+em) L1+ eletiz)

[Note on sufficiency: let s; = Y7 xj, so = D7 275, 8 = (s1,52), g(s, , B)
% and h(x) = 1. Then, from the Factorization Theorem, S = (51, S52) =
(3251 X5, 225y 2 X;) is sufficient for (a, 8).]

To show minimal sufficiency, suppose that we have a second set of observations
wy, Wa, ..., w, on X.



The likelihood ratio is

Lo i) _ {4 O s T+ )

L(a, B;w) H?:l(l + etz )exp {a Z?Zl w; + B Z?:l ijj} |

This will depend on (o, 8) unless Y7 @5 = Y0 wy, >0 25 = Yo Zjwj.

1=

Therefore (51, 52) = (Z?Zl Xj, 200 szj) is minimal sufficient for (a, f).

Note that the explanatory variables are assumed constant and known in each set
of observations. If these are not constant or are unknown then the set of sufficient
statistics is necessarily larger.

5. The cdf of X, is given by

F(x) = PriXg <z]=Pr[X; <z, Xy <uwz,...,X, <2

= Pr[Xi<zlPr[Xy<z] ... PriX,, <z]= (§>n7
for 0 <z <6, since Xy,...,X, are independent. Therefore, f(z) = % = —”3”9’:1, for

0<z<4.

For a single observation, X ~ U|0,0]: E(X) =
92 92 o 92

E il v ) ) 2
Thus, if X is the mean of n observations, we have E(X) = g and var(X) = 1‘92—n,
so BE(2X) =0 and var(2X) = Uik

_ ~ 3n’
Therefore, 2X is unbiased with variance — 0 as n — oo, hence it is a consistent

estimator.

0 n—1
1
E(X(m) = / xnx dr = n 9, so B (n+ X(n)) =40
0

and var(X) = E(X?)—[E(X)]? =

N|D

o (n+1) n
0 n—1 2 92 n262
X — A DR R B
var(Xm) /0 ST P n+2) (n+1)?
nb? nb?

= n?+2n+1—n®—2n] =

(n+1)%(n+2) (n+1)%2(n+2)

Thus var ["T“X(n)] = n(s—;). Hence @X(n) is also an unbaised estimator for 6

with variance— 0 as n — oo, and so is a consistent estimator.

Comment: @X (n) 1s preferable to 2X as an estimator for @ as both are unbiased
and consistent, but the former can be vastly more efficient.

6. Using @ to denote o2, the likelihood is

L(9) = (T(Efi) exp {—2252} .




7.

The Fisher matrix can be found from

1(6)

9%l
= E (@)

E(X?)

Giving

o= () =~ (7 -

The Cramér-Rao lower bound is var (6) >

ol

Since &
estimator 6 = > X?/2n.

(a) Likelihood: L(0;x) =
For samples x and y consider the ratio

—nlogf —

~

2 2 -
ie. var(f) > % <1 + —) where b = bias (0).
= plmrai—0)

JIES
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>
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[= Ip(6 — )], the bound is attained by the unbiased

LOy) — Iw &P

(—5 (a2 =)

This does not depend on 6 if " z? = > y?, and thus the statistic T = > X2
is a minimal sufficient statistic for 6.

1S a constant.

L(®
(0

Using the Neyman Pearson Lemma, the critical region of the most powerful
test of Hy: 6 = 0y against Hy: 6 = 0y (0, > 0p) is given by

1; > A, where A

0

. 1 1
i.e. log L(#;)—log L(6y) = —nlog 61_2_91 Zx?—l—nlog 90+2—00 fo > log A

1.e

1 1

1

2

(

1 1

6
- _ 2> 1
0 91> g x> 10gA+nlog(00

)

) > 0 since 6; > 6. Thus, the critical region is of the form

S~ x? > B, where B is some suitably chosen critical value. Therefore, the test
depends on the minimal sufficient statistic 7.
For any 6; > 6, the test of Hy : 0 = 0y against H; : § = 6; has the same
form and thus the test is an UMP test of Hy : 6 = 6, against the composite
alternative hypothesis Hj : 6 > 6.

()

% exp (—

5):

T z? T
gexp <—%> If Yy = e

2 dy

dr

%2 and thus f(y) = f(2)|5] =

This is the p.d.f. of an exponential distribution with mean 2

which is a chi-squared distribution with 2 degrees of freedom, i.e. Y; ~ x3.
Therefore, under the null hypothesis that 6 = 6,
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Figure 2: Power of the size 0.05 test as a function of . For § = 1 the power coincides
with the size, 0.05, as expected.

using properties of i.i.d. (chi-squared) random variables, which can be used to
determine B, i.e. the critical value for a size « test is B = 6px3,(1 — «).

H:0=1H:60>1: With n = 5, the size of the test « = 0.05 and 6y = 1, the
critical value is
B =1-%3,(0.95) = 18.31.

Under the alternative hypothesis, the test statistic, > %, is distributed as 6
times a x3, distribution. Therefore the power of the size « test is

2
Xio(l —
P(Xfo>—10(9 )>-

This is plotted as a function of # in Figure 2.

8. The Fisher Matrix is given by
= (Z[28) . bere oy =2 [T EOI IO
‘ 0

X
where Sy, (f) is the power spectral density of the detector noise. In this case we are
assuming that the source is only observed in the interval [foin, fmaz] and the PSD
is constant in that range and equal to X?. With these assumptions

1

frmas i
alh) =255 [ @ () +an ) df



The derivatives of the waveform can be computed as

oh (5 5 3 (3715 55 \ s . (f)
W‘(Eﬂ{ﬁs(wﬁ) 5/3+128(75 +977)77 (wMJ) 2})7

oh 3 (11 o 743
= i (TM]) (E —%77 )

0!\\1

an 128
I i)
gi = 2mi fh(f)
= )

The key thing to note here is that all of the derivatives are proportional to iL( f)-
When we construct the inner product all terms in the Fisher Matrix are therefore
proportional to WQ, which does not explicitly depend on ¥(f). The Fisher Matrix
elements therefore reduce to linear combinations of integrals of the form

— fmas -« _ 1 a—-1 __ ra-—1
G(a) - P f df - ( min maz) .

a—1
The Fisher Matrix elements are therefore
4A% (25 (7 25 10 17
r =— | =G| = — 3G —
MM =y ey (36 (3) * Toaga "M (3)
15 (3715 55

8192 \ 756 +§"> MG

L9 (371555 NF s (19
16384 \ 756 9) " 3
3A2 11 > 743 _- 5 5
My = ———— 1 =ps — —p73 3G (5
Mn = = gosapg (TM) (3 7 37877 ) (128(7TM) (5)

3 3715 _2 16
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2 3715 55 _2 3
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2 A s 3715 55 \ _» 10

1042 7
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The inverse of the Fisher Matrix provides an estimate of parameter estimation
precision. We won'’t attempt to write down the inverse, but it can be calculated on
a case by case basis using the preceding results.

Solutions to questions on Stochastic Processes

9. (a) As in the question description we denote the two masses by m; and ms, the
total mass by M = my + ma, the reduced mass by p = myms/M, and the chirp
mass by

We will use geometric units throughout, i.e., we set ¢ = G = 1 so we don’t
need to worry about keeping track of these factors.

i. For a Newtonian binary, the motion is equivalent to that of a body of
mass p orbiting in a fixed Newtonian potential with mass M. Denoting
the orbital radius by a (it is also the semi-major axis for a circular binary),
the orbital frequency is given by

M
27Tf = g
and the total energy of the binary is
M
E=_2F
2a

A. The GW amplitude is determined by the quadrupole moment of the
spacetime )
I.
h ~ %, Ly = /pa:ixjdv.
For a binary, the density is only non-zero at the location of the objects.
Using the effective-one-body analogy we deduce

I ~ pa® exp(2mift)

where the frequency is now twice the orbital frequency because we are
taking squares of positions, which vary at that frequency. It follows
that

1 1 M 3 2 MM 1
o ha” ~ 7 f vt D



B. The GW energy loss is determined by

4
E D22 = 2 2 4 06 2 £6 %3_ QM%?—M?’ L
aw ~ =1 ~pafr~pf ) TH [ =Mfs.

C. The rate of change of frequency is given by

: Md /1 1 M
fN\E&(a) M,u\/>ENMM3<Mf)

D. The Fourier transform of h(t) is given approximately by

P MY = ME

W=

B Mifh

P

E. The characteristic strain is given by

2oL s f R

F. The energy density of a GW background generated by a population of
these sources is given by

pfan(h = [T Nz) (fr

1 5 7
—_ — 6 ~ 6
DMcf o

dz.
1+2 dfT>fo(1+z>

For the inspiraling binaries the previous results give

f_foFNM f3

and so we find

l
3

ii. The energy of the binary is proportional to 1/a, hence we have

Frana o pM S <1> ku]\/[—— R s = k22 S
dt a o3 o3
iii. The previous derivation of the background energy density assumed that all
of the energy loss driving the frequency evolution was due to GW emission.
If there are other processes driving energy loss and hence frequency evo-
lution, the background is suppressed because not all of the orbital energy
lost is emitted as gravitational waves. In general we have f = f(F) and

hence f = (df/dE)E and therefore

dEcw Eaw B Eaw <dEGW

df N (df/dE) [EGW + Eother] B EGW + Eother df )pure GW .



1v.

vi.

The final bracketed expression denotes the background energy density in
the pure GW-driven evolution case. In the case of stellar hardening we
therefore find a modified expression for the GW background energy density

10

Z) M03
25 ME 4 k(pmop /o) M3 f3(1+ 2)3

This can be simplified a bit more — for example, we notice that the factor

5 9 *~ N
PCQGW<f):Mc3f3/O (1+( dz.

M 5 in the hardening term is just ./\/lc% — but the above result is all we
need to answer the next few questions.
If the sources are at a common redshift, z;, we can replace N(z) by a delta
function, 6(z — 2p), and do the integral explicitly. It is then clear that we
have

f

1+ M3

wn

Qaw(f) ~

where

A= k(pm2/03)/\/lc_§(1 + zo)_%

This is a broken power-law, as required. For f < 1 the term f’% dom-
inates in the denominator and we have Qqw ~ f %. This is the stellar
hardening dominated regime. For f > 1 the constant term dominates
in the denominator and we find Qqw ~ f 5. This is the GW dominated
regime and this is the standard result for GW backgrounds.

If a broken power law background were detected, it tells us about the
processes that drive the inspiral of the binary. In this example the power
at low frequencies (where hardening dominates) is suppressed relative to
that of a pure GW background (see Figure 3). The low frequency slope is
characteristic of whatever process drove the early evolution of the binaries
— a measurement of this tells you which physical process was important
at that time. The high frequency slope tells us about the late evolution
of the binary, and in this case the value f § is consistent with GW-driven
inspiral. The turn over point tells us about the relative efficiencies of
the two processes. In this example it occurs where f = A& and so a
measurement, of that value tells us about the parameters that go into A,
such as o, p and the typical source redshift, z,.

(OPTIONAL) No results here. If there is a distribution over masses, then
the background energy density involves an integral over the mass distribu-
tion as well as the redshift. Try playing around with different choices. Try
also including some dependence of p and o on the binary properties. The
GW background in the PTA regime may well be suppressed by stellar pro-
cesses of the type described here. If we see that suppression we will want
to be able to interpret it in the context of models of the binary population.

. The average waveform power is

1 (7 1 A2 [VOT o |, )
h?) = —/ h2()dt = ——/ cos? (—Ou> e “du.
0= g | 20 = o | e (T
We see that beyond \/@T ~ few, the waveform is exponentially suppressed.

Hence, the duration of the signal is order ~ 1/,/Q. We take [/QT| < 2
as a reasonable approximation.
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Figure 3: Example backgrounds. We show Qaw/(f) as a function of frequency for A = 0.01
(purple), A = 1 (green) and A = 100 (red). Also shown, as a dashed red line, is the
background in the absence of stellar hardening.



11.

111.

1v.

For this choice, we find

) = ANV <erf(2) o (58) Re [erf (2+12W_¢£>D N é_z

with a pre-factor that is order 0.few.

Using standard results for Fourier transforms, F[g] = g(f), including
Flexp(—t?)] = /mexp(—7*f?), Flg(at)] = §(f/a)/|a] and Flexp(2mifot)g(t)] =
g(f - fO)a we find

~ A 7'(' 2 2 =2 2
_ o -5 (f—fo) -5 (f+fo) )
h(f) 20\ Q (e +e

We can use the fact that the time series is real to wrap onto only positive
frequencies and then we have

)< 4, [T 00

We see that the Fourier transform is also proportional to a Gaussian which
goes to zero exponentially when 7% (f — f5)?/Q ~few. Hence the bandwidth
is Af ~/Q/7.

Using the power ratio formula

(%) = sss.m

and assuming white noise, S, (f) = o2, we have

S\’ A?
)
(5) ~ e
where k is a constant of order unity. This SNR could be achieved by
windowing the data (to the time range |v/QT| <a few) and bandpassing

it (to the frequency range 7|f — fo|/v/Q <a few) and then comparing the
signal power to the average off-source noise power.

Using the Fourier transform obtained above, the matched filtering SNR is

S\? < h(f)[? 4 A’m e gy A2 o 2
) -4 VI g = = 2 7 o~ =)y %—/ -5q
(N) / . Y~ i I peyg 0T

which is also equal to A?/(D?¢%\/Q) times a constant of order unity.

We have found that the matched filtering SNR is essentially the same as
the burst search SNR, so we are not gaining anything by doing matched
filtering. We argued in lectures that matched filtering gained over a burst
search by a factor of the square root of the number of cycles spent near a
particular frequency. These sine-Gaussian sources are peculiar in that as
() decreases so that the source spends more time near frequency fy, the
bandwidth also decreases so the burst power is increasingly concentrated —
we effectively have only ‘1 cycle’ in the vicinity of each relevant frequency.
This result does not necessarily mean matched filtering is no better than
a burst search — the SNR does not directly translate to a false alarm



vi.

vii.

probability. There may be many instrumental artefacts that could give
broadband power in the frequency domain which looks burst like, but
those artefacts would look nothing like the specific sine-Gaussian form of
the matched filter. Nonetheless, this problem illustrates why excess power
searches are quite effective for sources that are burst-like, even if models
are available.

The energy distribution can be found from

/%df:/_(:DQEQ(t)dtz/_(:D2f2;&2(f)df-

dE fir 2
Lol (—5<f—fo>2).

Assuming the number of objects per unit comoving volume with redshift
between z and z + dz and with fy between fy and fy + dfy is N(z)d fodz,
the background energy density is

2
pcw(f / / N(z)(1+= 2A2f— exp( —(f(1+2)— f0)2) foid fodz.

We find

2Q Q

The common redshift assumption allows us to replace the integral over z
by evaluation of the integrand at zy as before. We then have

™ 2
() = Mol A2 1 [ e (=704 20— )
The integral over f, takes the form

Q
/000 z®exp [—(z — A f)?] d

where A = 7(1 + 20)/+/@Q. This integral can be written down as a combi-
nation of hypergeometric functions

& o . 1 222 o « 3
/0 2 exp [~(w = Af)] do = s [a)\fF (5) vl <§+1,§,>\2f2)

a+1 o 1
r Fil=-+L27)].
+ < 5 )1 1(2+ o f)}

The exact background computed from this expression is shown in Figure 4,
but we can also find analytic approximations for the low and high frequency
behaviour. If f < 1, then the integral is approximately

OOa 2 _1 Oé—l-l
/0 xexp[ m}dx—2f( 5 )

with corrections of order Af. Hence, the dominant behaviour is a constant
and Qaw/(f) ~ f2 due to the factor out the front of the expression.
For f > 1 we can make a change of variable in the integral

/Oooxaexp[_(w—/\f)ﬂdx = /Oo(u—i—)\f)aexp uz]du

—\f

[_
~OAYfe /OO (1 + v)aexp [—uﬂ du

- rr(of}).

So we deduce Qqw ~ f3+°.
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Figure 4: Example backgrounds for the burst population model. We show Qaw(f) as a
function of frequency for A = 1 and three choices of a: o = —0.75 (purple), &« = —0.5
(green) and a = —025 (red).



viii. (OPTIONAL) No results here again, but things to explore would be how
the introduction of a redshift distribution modifies things, what happens
if the distribution of fy is changed, e.g., by introducing a cut-off in the
frequency range, what happens if we add a distribution for @) etc.



Solutions to additional questions on Frequentist statis-
tics

10. This can be proven by induction. We write

00 2 *nTH
— 00 n

Proving the t-distribution is properly normalised is equivalent to proving that

VAT (3)

oTe)
Setting n = n 4+ 2 in the above we find

(n+2)7l (2 +1) n+2 n nrl (%)

I (2 +1) N n n+1 T (%)

which follows from the identity I'(n + 1) = nI'(n). Therefore, if we can show that

I = /al(1/2) =, [, = V21 /T(3/2) = V271 /(v/7/2) = 2¢/2 and

n+2 n
n n+l1"

[n+2 =

the result follows by induction. Firstly we note

L :/ (1 —|—x2)_1 dz = [tan ' (z)]" = g + g =

—00

[e%) xZ_
n=f (1)

where we used the substitution z = v/2sinhu. Finally, we prove the recurrence
relation

00 .1:2 _HTH o0 1 o .1:2
In:/ <1+—> dx:/ —nﬂﬂdf”/ a4
o n —oo (142 2 en (14 5) 7

We can use a substitution 2?/n = u?/(n + 2) in the first integral to put it in

the form of I, 5. For the second term we can integrate by parts, writing u = =z,
dv/dx = z/(n(1 + 2% /n)"+3/2. We obtain

and

e

de = /OO V2sech*udu = V2 [tanh ()] = 2v/2.

n+1

2

1 > 2 1
In:\/ﬁn+2ln+2—i——/ 1+ = dz = vnn + 21,45 + ——1,
n+1/)_o n n+1

n+1 n
1, = I, 2
= ” Vn+2 +2 (2)

as required.
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12.

13. Let 1,41 be the number of items which survive to time mh (so that n =)

The MGF for the exponential distribution can be found via

> A
Mx(t) =E [¢"*] = / e e = .
; N1

Similarly, for the Gamma(n, \) distribution we have

1 o0

I(n)

A\ [l
Y WAL n—1 7()\7t)33d
() [ -t

The MGF for a sum of n IID random variables, each of which has MGF Mx(t), is
Mx (t)". Hence we deduce that the sum of n IID £()\) random variables is a I'(n, \)
distribution, as required.

The results in this question can also be obtained using results from the theory of
stick breaking. We have n birthdays distributed randomly over the year, which we
can represent as a circle with unit circumference. The first birthday is arbitrary,
but once this is specified it sets a zero point on the circle, which we can think of as
representing the two ends of the stick that have been identified with one another.
The remaining (n—1) birthdays are distributed randomly around the circle (or along
the stick) and therefore the full set of n birthdays represents a random partition of
the stick into n pieces. To answer part (a) we need the distribution of the maximum
length of a piece, while to answer part (b) we need the distribution of the minimum
length of a piece. The corresponding results may also be found in the Appendix.

(a) To answer this question we need the probability that the pieces of a unit-length
stick broken into n parts are all less than = = 1/26 (which corresponds to 2
weeks). This is shown in the Appendix to be given by

S (M) a- gt )

J=0

This can be evaluated numerically and is plotted in Figure 5. We conclude
that the must be 138 members in the institute before Andrew gets his cake at
least every two weeks!

(b) To answer this question we need the probability that the minimum length of
pieces of a stick broken into n parts exceeds x, which is shown in the Appendix
to be (1—nx)?"!. This can be evaluated numerically and is shown in Figure 6.
We see that even with as few as n = 5 members in the institute there is a
greater than 50% chance that the minimum separation between birthdays is
less than 2 weeks. So, Alice should employ at most 4 people if she wants to
protect her members’ health.

1
=),
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Figure 5: Probability that the longest spacing between birthdays is less than 2 weeks as
a function of the number of members of the institute (blue curve). The horizontal orange
line indicates a probability of 0.5. The blue curve reaches p = 0.5 between n = 137 and
n = 138.
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Figure 6: Probability that the shortest spacing between birthdays is greater than 2 weeks
as a function of the number of members of the institute (blue curve). The horizontal
orange line indicates a probability of 0.5. The blue curve reaches p = 0.5 between n = 4
and n = 5.
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15.

and let v = e~"*. The probability that an item fails in the interval ((r — 1)h,7h) is

pr = Pr((r—1)h <T <rh)
= Fr(rh|N) — Fr((r — 1)h| )
— (1 _ e—rhk) _ (1 _ 6—(r—1)h)\)
,yrfl _’YT
— 7 1=9) (r=1, ... ,m);

the probability of surviving to time mh is
Pmy1 = Pr(T > mh) = e7™* = 4™,

The joint distribution of (Ny, No, ... , Nyuq1) is Mult(n,p1, ... ,Pms1), so the
likelihood function is

+1 —
oy —m [ - RSO0 )
ry ! I n!

- {—Hﬁinr!} (1))

where s; = Z::rll(r —1Dn,, s =Y - ny =n — nyy1. Therefore, by the Factor-
ization Theorem, (S, Ss) is sufficient for A. [Note: (S, Npy1) is also sufficient for
A

The likelihood for 8 =(«, ) is

—.

@
Il
—

Lie, ;%) = | [+ if) exp{—(a + i)z}

= {H a+if)}exp{— aZxZ}eXp{ 6221‘1}

=1

Let s = (s1,52) = (O 1, i, 9oy ix;). Using the Factorization Theorem with

n

g(s,a, B) = {H(a + i)} exp{—asi } exp(—fs2} and h(x) =

i=1
we see that S = (S1,5) = (31, Xi, > ., 1X;) is sufficient for (o, ).
The likelihood is

Lxx) =[] fxi | A) = Ate =5 1A x) = InL(A) = nlnd — Az, (4)
=1
andﬂzﬁ—in. (5)

MLE: Equating 0l/O\ to zero gives N = n/> xz; or 1/Z, and it can be verified that
this corresponds to a maximum.
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Mean: To compute E(1/X) we note that Y = >~ X; has a gamma distribution with
p.d.f. \"y" "t /T'(n), y > 0, and 1/7 is n/y, so

1 n R n
E _ — E ) = - on—1 f)\y_d
<X) (v) /or<n>y T

nA D 2y nA
pr— Lo - d p—
<n—1>/o rn—1n’ ° YT w0

Variance: We first compute

and then deduce

(%)t o o) Sy e

Cramér-Rao bound: The second derivative of the log-likelihood is

9%l n

Frehaiel

which is constant and therefore equal to its expectation value, which is minus the
Fisher matrix. Therefore I = n/\°.

Bias: The bias is
n A

N = o A e

so the MLE is biased but asymptotically unbiased.

Consistency: The bias () — 0 and var(5) — 0 as n — 0o = + is consistent.

var L— . .
Asymptotic efficiency: A(QX ) 1 asn — oo. Therefore % is asymptotically

n

efficient.
The expectation value of X is
E(X;)=0x(1—-p)+1xp=p
so it is an unbiased estimator of p. The variance is
var(Xy) = E(X7) —p* =p—p* = p(1 - p).

The combined likelihood is

PBES
L(p:x) = p>="i(1 —p)" =" = (%) (1-p)"

and from the factorisation theorem we recognize S = > X; as a sufficient statistic.



17.

When X; =1

=1

=2

|

Pr[Xlzl\ZXi:t
=1

) n—1 t—1(1 _ g\yn—1—t+1
0 (t_1>0 (1-0)

t
( y ) 61(1 — )t o

When X; = 0:

t —t
Pr(X,=0|Y Xi=t) = 1-Pr(X, =1 X;=t)=1—-="

n n

Note that the conditional distribution of X; given > X; =t is independent of 6, as
it should be. Therefore

0, =F

t
n

& —t
XMZXi:t] —0- 2" 41-

t
- n n
=1
i.e. .
> X
G- = _x.
n

We deduce that the sample mean, X, is a better estimator. It’s variance is p(1—p) /n,
which is smaller than that of X, as expected.

(a) The likelihood for the observed data is

pX.6) = (=) e |- v - X5)" (v - X5)

and so maximising the likelihood is equivalent to minmising the sum of squares
(y - X8)" (y - Xp).

Differentiating with respect to (each component of) § and setting the deriva-
tives to zero gives

X'Xp-X"y=0 = p=X"X)"'X"y

as required.

(b) The above estimator is a linear combination of normally distributed random
variables (the y;’s) and hence is normally distributed. The mean is found via

E(3) = (X"X)"'X"E(y) = (X"X)"'X"X5 = 4.



The covariance of a linear combination of random variables Ay is A cov(y)
AT and so we deduce

cov(B) = (XTX) !XT IX(XTX) ! = o2(XTX) .
We deduce

~

B~ N(B,c(X"X)™)
as required.
We write g; = y; — (X3); and note
E(gi?}j) = COV(Yian) = U251j-
The quantity
y'y = "Xy = (5 + XB)"(F + XB) — (7 + XB)" X(X"X) X" (§ + XB)
'Y - ¥XXTX) Xy
= s — Yty (XTX) 5wy, (6)

where we introduced Einstein summation convention in the last line. We now
take the expectation value

E (yTy - BTXTy> = o” (6ii — xij(XTX)j_klxik)
= o’ Tr (I, — X(X"X)'X")
=0o’Tr (I, — (X"X)7'X"X) = o*Tr (I, — I)
=o*(n—k). (7)

Here we use I to denote the k x k identity matrix. The quoted result follows.

As mentioned in the question, the quantity (n — k)&? is independent of B and
follows a x? distribution with (n — k) degrees of freedom. We won’t give a
detailed proof, but this is most easily seen by decomposing the observations y
into a model-parallel and model-orthogonal piece. In particular

~ AN\T ~
y'y - "Xy = (y - Xﬁ) (y - Xﬁ) :
This is the sum of squares of the residual, i.e., the difference between the ob-
served data and the part of it that can be explained by the best-fit model. The

elements of the residual, e = (y — XB), are linear combinations of Normally

distributed random variables and so also follow a Normal distribution. The
covariance between the residual and the model parameter estimator is

cov(e, ) = cov (y, y) X(XTX) ' =Xcov(B, §) = *X(X"X) ' =o*X(X"X) ! = 0.

While zero covariance does not imply independence in general, this is true for
normally distributed random variables. We deduce that e, and hence 62, are
independent of B . The estimator 62 is a sum of squares of zero mean normal
random variables and so will follow a chi-squared distribution. However, not
all n components of e can be independent, since we started with n random
variables and £ of them are used to determine the components of B. A more
careful analysis decomposes the observations into a set of £ components that
lie in the model space, which give B , and a set of n — k components orthogonal
to the model space, the sum of squares of which give e’e. So the latter is o2

times a chi-squared distribution with n — &k degrees of freedom.
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()

The estimator CTB is normally distributed with mean
E(c'f)=c"p
and variance o
»? = cleov(p, B)c = o2 (XTX) e.
The normalised estimator
c's—c'p
/T (XTX)"1c

is standard normal. We do not know o, but

~ N(0,1)

5 o2
o

_n—kx

where x ~ x2_,. Therefore
T3 —cTp B 7
I XTX) ¢ xR

which is the definition of a ¢t-distribution with (n — k) degrees of freedom.
A 100(1 — @)% confidence interval for ¢ 3 is then

where Z ~ N(0,1) and x ~ x2_,

c'B—o c(XTX) teta < c'B<c’B+é c'(XTX) et

where ta is the upper a/2 point (i.e., the point corresponding to (1 — a/2) in
the cdf) of the ¢,_j-distribution.

According to the Neyman-Pearson lemma, the most powerful test of size a for
testing the simple null hypothesis Hy: § = 1 against the simple alternative
hypothesis Hy: 0 = 0; (6, > 1) has critical regions of the form

. fly | 61)
p(y0=1)

S = Ay > Kl

e?ae—ﬁ >z

{y

= {y: S > Ko}

— {y 9?&6(1791)212112 > Ka}
= {y: nalogf, + (1 —0,) Zzixi > log K, }

(]

= {y: (1-6)) ZZZHJZ > log K, — nalog 6}

= {y: Zzzxz < C,}

2

since (1 —#6;) < 0.
Constant C, can be found from the condition that

P> zYi < Co | Ho) = a.

To find the distribution of ) . 2, X;, we can either use the Central Limit theorem
to find the distribution approximately, or we can find it exactly. Since z; X; ~



I'(a,#) independently, > . 2,X; ~ I'(an, #) or equivalently 6 > . z,X; ~ I'(an, 1).
Therefore, since under Hy 6 = 1,

= P(Z 2X; < Cy | Hy) = FF(an,l)(Ca)u

which implies that C, = F; (,lm 1)( ).

Alternatively, using the approximation, we have that z;X; ~ I'(a,0) implies
that E(z,X;) = zEX; = a/0 and Var(zX;) = a/6?, and hence

Z 2:X; ~ N(na/0,na/6%)

for large n. Thus,
oa = ZzZX < Cy | Hy) = ZZ’ X; —nal/v/na < [Cy — na)/v/na | Hy)
~ O] a—na]/\/%)zl— ([na— Cal/v/na)

which implies that C\, =~ na — z,v/na.
Thus, the exact UMP critical regions are

{(x1,..., 2 Zsz1<Fr(¢1m1)( )}

and the approximate ones are

{(z1,...,2,) : Zzixi < na — zeV/nal.
i

Since the critical regions are independent of 67, the preceding test is also UMP
for testing Hy: 6 = 1 against Hy: 0 > 1.

No, since the critical regions of the UMP for testing the simple hypotheses
Hy: 6 =1 against the alternative hypothesis H;: 6 for #; # 1 depend on 6.

For 6; > 1, the best critical regions are of the form {}, z;z; < C,}, and for
6, € (0,1) the best critical regions are of the form {} . zz; > C,}, that is,
their form is different for different 6;.

For observed data with n = 311, . z;x; = 571 and a = 2, the 5% exact best
critical regions are

{(x1,...,2 Z 2 < Fyigpy,(0.05) = 581.5538}

and the approximate ones are

{(z1,...,2,) : Z 2ix; < na — zposv/na = 580.9775},

that is, the null hypothesis is rejected at 5% significance level.
For a = 0.01, the best critical regions are

{(21,- ) 0 Y 2 < Frgy)(0.01) = 565.4556}

7



and the approximate ones are

{(z1,...,2,) : Zzixi < na — zgp1v/na = 563.9811},

that is, the null hypothesis is not rejected at 1% significance level.

Here ), z;x; can be viewed as a test statistic, so the corresponding exact p-
value is

P(Z ZZXZ < Z ZiL; | H()) = FF(622’1)(Z ZZI'Z) = FF(622,1)(571) = 00183,

and the approximate p-value is

ZZZX < Zzzxz | Hy) ~ Zzlxl — an]/v/an) = 0.0204.

Therefore, according to the exact p-value, the null hypothesis is rejected for
a < 0.0183 and not rejected otherwise. The data provides some evidence
against the null hypothesis, but the evidence is not strong.

The power of the test Hy: § = 1 against the alternative hypothesis H;: 0 = 3
as a function of n, with a = 2, is

n(6:) = P(Z iXi < Ff‘én (0.05) [ Hy: 0=3)= Frian (Frs r(zn,1)(0-05))

since under Hy, Y, 2, X; ~ I'(an, 3).

The smallest n such that the power of the test is greater than 0.9, equals n = 4,
which can be found numerically, by plotting the power as a function of n. The
corresponding power is 0.908 (for n = 3, the power is 0.794).

According to the Neyman-Pearson lemma, the most powerful test of size a for
testing the simple null hypothesis Hy: 8 = 6, against the simple alternative
hypothesis Hy: 0 = 0; (6, > 6p) has critical regions of the form

Ra(0o) = {y: Hl}:(];(xr; il)go) > K.}
= {y: (61/6p) et zizmi 5 K}

= {y: (6p—61) Zzlxl > Cot
= {y: Z’sz’ < C,}

i

since (fy — 61) < 0. Using 6y Y . 2;.X; ~ I'(an, 1) under the null hypothesis, C,,
is given by

= P(6, ZZiXi < 00Cy | Ho) = Fran,1)(00Ca)
that is, C,, = 0,'F, (}m jy(@). For the data given in (d) and o = 0.1, Cy =
0y ' Frigany(0.1) = 590.26/6,.
Therefore, R, (6p) = {y : >, ziz; < 590.26/6,}.
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By definition, a one-sided 90% confidence interval for 6 using the critical regions
R, (6y) is given by

{90 Ly ¢ Ra(eo)} = {90 : ZZZ'.T,L' > 59026/60} = {90 1 971 > 59026/90}
= {0y: 0, > 590.26/571 = 1.03373},
that is, the corresponding 90% confidence interval for 6 is (1.0337, c0).

Using the Neyman-Pearson Lemma, the most powerful test of the simple null
hypothesis Hy: A\ = \g against the simple alternative hypothesis H;: \ =

A1 (A1 > Ag) has critical region given by L(Al > A where A is a constant.

For a Poisson random sample the likelihood is L(\) = constant-A\X® exp(—n),
so the critical region is given by

Lw) _ (M xie {—n(A — X))} > A, orasA; >\ > B
=1 XpL— - E i 2 D,

where B is a constant.

As this is the same critical region for any Ay > g, this is the critical region of a
uniformly most powerful (UMP) test of the simple null hypothesis Hy: A = Ag
against the composite alternative hypothesis Hy: A > .

The MGF of X; ~ Pois(\) is My (t) = E(elX) = 300 efrdled — omAynee (€A
exp(A(e’ —1)). Hence the MGF of )~ X is My x,(t) =[] MXZ( ) = exp(nA(e’ —
1)) which is the MGF of a Poisson random variable with parameter nA.

A test with nominal level of 5% when n = 10 and Ag = 1 has critical region
> x; > 16 from tables of Poisson probabilities with © = nAy = 10 (a =
P(Y X, >16) =1— P(YX; < 15) = 1 — 0.9513 = 0.0487).

An approximate critical value may be obtained using a normal approximation
to the distribution of Y X; ~ N(nA,n\). The critical region is given by

1 1
D @i > ndo + 2005V nho + 5 =10+ 1.6449/10 + 5 =157,

The addition of the /2 here is called a continuity correction. This is to account
for the fact that we are approximating a discrete valued random variable by a
continuous distribution.

As X = 2, nA = 20, so power is P(>_" | X; > 16) = 1 — ,1;:0(20)2—!6_20 =
1 —0.1565 = 0.8435.

We now require a test of Hy: A = )y against the alternative Hy : A # .
No uniformly most powerful test exists as for A\; > \g the critical region is
Y>> X; > B but for A\; < )¢ the critical region is > X; < B* and critical
regions are not of same form for all A under alternative hypothesis.

Using a normal approximation to the distribution of >  X; when n = 10 and
Ao = 1, a two-sided test (not UMP though) would have critical values
nAoEz00s VnXot3 = 10£1.96y/10£% = 3.3 and 16.7. Note that the additional
term of 1/2 is included as a continuity correction. This is a standard approach
when approximating a discrete random variable using a Normal distribution,
which is continuous.



Appendix: Stick breaking

Here we provide proofs of the results that were used in questions 3(d) and 12, relating to
the lengths of sticks broken at random.

Firstly we prove that the probability that the minimum length of pieces of a stick, of
length L, broken at random into n + 1 pieces exceeds x is

pp=pmin{S;: i=1,....n+1} >z) = (1—(71—1—1)%)11r
Note that we can without loss of generality assume L = 1 by rescaling. The result for a
stick of length L is found by the replacement = — x/L in the result for a stick of length
1. We prove this result inductively. For n = 1, the stick pieces both exceed length if the
point of the break lies in the interval [z,1 — z]. There are no points in this interval if
1 —x < x,ie., 2x > 1. Otherwise this interval is a fraction 1 — 2x of the total range in
which the point could lie. We deduce that p; = (1 — 2z),, so the result holds for n = 1.
Now suppose the result holds for some n = k and consider n = k£ 4+ 1. The probability
that the first break point lies in the interval [u, u + du] is

(k + 1)du(1 — u)*

which is the number of ways that the first break point can be chosen from the set of
k 4+ 1 break points, times the probability density for that point (which is uniform), times
the probability that the other k& points all lie in the interval [u, 1]. All stick piece lengths
exceed z if and only if the first break point on the stick lies beyond x, and all the remaining
pieces have length that exceeds x. The latter probability is just the probability that a
stick of length (1 —u) broken into k + 1 pieces has no piece smaller than x, which follows
from the induction assumption and is equal to (1 — (k + 1)z /(1 — u))%. We finally prove
the induction step by integrating over u

et = (k4 1) [(1 )t (1 ~k+ 1)ﬁ)k du

+

_ /Hkﬂ)x(k +1)(1 —u— (k+ Dax)fdu = (1 - (k +2)x)k (8)

and so the result for n = k + 1 follows.

Next we prove the result needed in question 3(d), namely that all of the interior intervals
exceed x. This is related to the previous result, but is slightly different since we do not
care about the first and last intervals, as these do not correspond to event separations, but
only to separations with respect to the arbitrary start and end times of the observation
interval. We derive the necessary result as follows. The probability that the first point is
in the interval [u,u + du| and the last point is in the interval [v, v + dv] is

n(n — 1)dudv(v — u)" 2

which is the number of ways to specify the first and last points, times the probability
density for those points, times the probability that all other points lie in the interval
[u,v]. Given the first and last points lie at u and v, the probability that all internal
intervals exceed z is just the probability that all pieces of a stick of length (v —u), broken
randomly into n — 1 pieces, exceed x, which follows form the previous result. The final



result follows be integrating over v and v

P = /01 /uln(n— 1) <1 —(n— 1>(Ufu>>i_2 (v —w)" 2dvdu

1 1
= / / nn—1)(v—u—(n—1)z)""*dvdu
0 Jut+(n—1)z

1—-(n—1)z )
:/0 n(l—u—(n—1z)"" du
=(1—-(n-1)]. (9)

This is the result required for Q3(d), setting x = 1 and L = ¢, or equivalently x = 1/t in
the above.

This same result is all that is required to answer Q12(b), but for QQ12(a) we need the
distribution of the maximum piece length. We first prove the result that the probability
that the first r pieces of a stick broken into n + 1 parts all exceed length x is

(1—rax)},

which can also be used to prove the result above, as described in the solution to Q3(d).
We again prove this by induction on n. Firstly we show that it is true for n = 1. In that
case the stick has 2 parts so we can have r = 1 or r = 2 (the result for » = 0, which has
probability 1, is trivial). For » = 1, the probability is just the probability that the break
point is in the interval [z, 1], which is (1 —z). For r = 2, the probability is the probability
that the break point is in the interval [z, 1 — x|, which is (1 —2x),, so the result for n = 1
follows. Now we suppose this holds for n = k and we consider n = k + 1. The probability
that the first break point is in the interval [u, u + du] is

(k+ 1)du(l — u)k

as above. The first r intervals will all be greater than x if this first break point is in
the range [z, 1], and the pieces defined by the next r — 1 points are all greater than
x. The latter is the probability that a stick of length (1 — u) broken into k pieces has
the first » — 1 pieces all longer than z, which is give by the induction assumption as
(1—(r—1)z/(1 —u))%. We obtain the final result by integrating over u

Priir = /;(k—i- 1)(1 — u)* (1 —(r— 1)<1fu))k du

Jr

1—(r—1)z
e A P T

and so the result follows for n =k + 1.

This result that we want to compute to answer Q12(a) is the probability that the maximum
piece length is less than x. The statement that the r’th stick piece is shorter than x is the
complement of the statement that the r’th stick piece is longer than z. Denoting by X
the event that the r’th stick piece is longer than x, the probability we want to compute is

P(XiNnXoNXsn...NnX,NXn4)

where an overbar denotes the complement. If we consider two events then it is easy to
see (from a Venn diagram or otherwise) that

P(AnB)=1-P(A)—P(B)+P(ANB).



For three events we have
P(AnBNC) =1-P(A)—-P(B)-P(C)+P(ANB)+P(ANC)+P(BNC)-P(ANBNC)
and so on. Therefore the probability we require is

o (DMP(XI N N X ). (11)

Since the breaks are distributed randomly, the probabilities do no depend on the labels
of the intervals and so in each group of terms the probabilities are equal and are given by
the previous result. We conclude that

n+1
P(le...mxw):Z(—w‘(”jl)(1—;’@1. (12)

The result required for Q12(a) requires the replacement n — n — 1 since the periodic
boundary condition means that the stick is broken into n pieces, with n — 1 break points.



